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A Price Competition

In this section, we present results under differentiated product Bertrand competition.

A.1 Preliminaries

The following assumption (assumed in the main text) ensures the industry critical discount factor is less
than 1 (see Lemma A.8 for a proof). If this assumption does not hold, collusion is unsustainable for any
discount factor. We assume the following for the remainder of Section A. Recall that x is defined as the
asymmetry in perceived marginal cost, x := ¢o — ¢7.
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The following lemma will be used throughout Section A.
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which holds for all b > 0.

INote that & < ¢; < 1 where the last inequality follows by assumption.



Part ii) The proof follows from Part i,
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Part iii) The proof follows from Part i and
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Equivalence of Contract Types Let
M;(p1,p2;0:) = (1 —0;) mi(p1,p2) + 0isi(p1, p2) (1)

denote manager i’s payoff when prices are p; and p, and managerial compensation is a convex combination of
profit (m;(p1,p2)) and sales (s;(p1,p2)). Equation (1) represents the Fershtman and Judd (1987) specification
referenced in Appendix A of Lambertini and Trombetta (2002).

Let

MFT (p1,pas i) = mi(p1,p2) + i Di(p1, p2) (2)

denote manager i’s payoff when prices are p; and py and managerial compensation equals profit 7;(p1, p2) plus
the quantity sold times a positive weight «;. This specification was employed in Lambertini and Trombetta
(2002). We show that these contracts are equivalent when o; = 6;¢;. In other words M7 (py, pa;0ic;) =
M; (p1, p2; 0;)-



Simplifying (1) and using a; = 6;¢; yields

=(1- 9 i) D (pl,pQ)( — Cz) + 0;Di(p1, p2)pi

= Dz(p17p2)(pz —¢;) = 0:Di(p1,p2)(pi — i) + 0:Di(p1, p2)pi
Di(p1,p2)(pi — ¢i) — 9 D;(p1,p2)(—ci)
Di(p1,p2)(pi — ci) + 0 Di(p1, p2)c
D;(p1,p2)(pi — ¢i) + ;i Di(p1, p2)

= Ml-LT (pl,P2; aici) .

Additional Technical Lemmas The following technical lemmas will be used to derive critical discount
factors, and prove Lemma 1 and Lemma 2 from the text appendix.
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The remainder of the proof shows that -2 55 A2(¢1,y,0) > 0 for y such that y € (max {yr,y3},yv). C%Ag(éh y,0) >
0 when
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Thus, £ As(é1,y,0) > 0 if
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Note that Term 1 is positive by
16
(4—-02)°
(40" >4(2-1?)
4-0%>2(2-10%
4—0*>4-2b
b >0

4—(2-1%)° >0

2

and Term 2 is negative by

(4_1662)2(2—52)(1—61)(2—1)—172)—2(2—1))(1_51)<o

(4_81)2)2(2—1)2) (2-b-0*)—(2-0) <0
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b’ + 6b* < 16b% + 16b°
b® + 6b? < 16 + 16b.

Thus, Fi(y) is increasing in y. Therefore, it is sufficient to show that Fy((1 — b)(1 — &1)) < 0 because
yu < (1 —b)(1 — ¢1) (where the inequality follows from Lemma A.1) and Fi(y) is increasing in y.
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Lemma A.3. By(¢1,z,a) = is increasing in x — a if
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Proof. Note that Bs(¢1,x,a) = Ba(¢1,y,0) where y is defined as y := 2 — a. Also, note that

l-a  _ l-a %
l—(&2—a) 1-(ai+y) 2-0b

. _ 2 —b?
5 <= y<y=(0-¢)(1- 5% .

The remainder of the proof shows that (%Bg (¢1,y,0) > 0 for y such that y € (yr,min{y3,yv}). Routine
computations show that Bg(cl, y,0) > 0 when

Myy? + Moy + M3 > 0

where



M, = 2b° — 14b% + 16b

My = 32b¢; — 16, — 32b + 14b%¢; — 28b3¢,
— 6b%¢; + 4b°¢; — 14b% + 280 + 6b* — 4b° 4 16

My = bP& — 20°9¢ + b° — 6b%¢2 + 12b%¢; — 6b* — 170382 + 34b3¢, — 170°
+ 14b%¢3 — 28b%¢; + 14b* + 24b&3 — 48b¢; + 24b — 1665 + 32¢; — 16.

Myy? + Myy + Mj is an upward facing parabola with roots (by the quadratic formula) given by
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2(b5 — 7b3 + 8b)
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=(1-a) <1 TS — 8+ 8 )
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where D = /(b2 + 8)(b — 1)(b + 1)(2b° — 13b* + 23b2 — 8). If the roots are complex, M1y? + Moy + M3 > 0
always holds and the proof is complete. If one or more roots are real, then the proof is complete if the smaller

of the two roots is greater than min {y3,yv}. Let rp = (1 — &) (1 + %m) denote the smaller of

the two roots.
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2b 2 (b° — 7b% + 8b)
which holds. O
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Lemma A.4. A((¢1,z,a) = is decreasing in x — a if

17(5270,) 2b
1—-¢4 > 2—b2 "

Proof. Note that A;(¢1,x,a) = A1(¢1,y,0) where y is defined as y = = — a. Also, note that

1-(2—a) _1-(&+y) 2b

>
1-¢ 1-¢ 2 — b2

) ~ 2

Thus, the remainder of the proof, for this case, shows that a%Al (¢1,v,0) < 0for y such that y € (yr, min{yy,y7}).
(%Al(él, y,0) < 0 when
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Dividing both sides by —2b%(1 — ¢; — y) (note that this quantity is negative) and simplifying yields

16 ((2—b—b2) (1 — &)+ by)”
(-0

16b ((2—b—1b?) (1 — &) + by) -0
(4 - 2)°

((2=b) (1 —&))" +2by (2—b) (1 — &) + b7y
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16
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Continuing to simplify yields

((2=0) (1 —&))% +2by (2= b) (1 — &) + b2y?

—(4_1(12)2 (-0t (1-a))’
+ <b<2 (- a) Ry (1 —a) - 2= (51:?2))2; 16b%y (1 _51)>
- (b(2 -y - R b—b;)(lb;)fl)w 1662312) -

(2=b)(1-)) +by(2-b)(1—-&)
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16b (2— b—b?) (1—51>2+16b2y(1—61>> 0
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202—-b)(1—¢)>+2by (1 —¢&)
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C16b(2—b— %) (1—&)” + 1607y (1 — &) 0
(4-02)°
22-b)(1—&)> +2by (1 —é)
16 ) (9B (1 a1 V(s
g 2P ) (A by (28 (L) >0
2(2—b)(1—61)+2by—(4_1€;2)2(2—b—b2)(2—b2)(1—61)—(4_1(;2)2631(2—192)>0
y<2b—(4_1(;2)2b(2—b2)>+2(2—b)(1—61)—(4_1?)2)2(2—b—b2)(2—b2)(1—61)>0

16 9 ~ 16 2 2
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Thus, £ A:1(é1,y,0) < 0 if

16 16
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Note that Term 1 is positive by

2b—(4_1(;2)2(2—b2)b>0
16
2b>m(27b2)b
8
e 0

(4-0%)7>8(2—1?)
16 — 8b% + b* > 16 — 8b>
bt > 0.

Note that Term 2 is positive by

16

2@*®*@Tﬁ?

(2-v") (2-b-10%) >0

2(2—b) (4—0%)° > 16 (2—1%) (2—b—b?)

2-b) (4= >8(2—0) (2—b—b?)
(2—1b) (16 — 86% +b*) > 8 (4 — 2b — 20> — 2b° + b° + b*)
(2—b) (16 — 8b% +b*) > 8 (4 — 2b — 4b% + b + b*)

32— 16b° + 26" — (16b — 8b° 4 b°) > 32 — 16b — 32b” 4 8b° + 8b*
32 — 166% + 2b% — 16b 4 8b> — b° > 32 — 16b — 320 + 8b> + 8b*
1602 — b° > 6b*
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16 > b* 4 b3,

Thus, F5(y) is increasing in y. Therefore, it is sufficient to show that Fo(—(1 — ¢1)(1 — b)) > 0 because
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—(1-2¢)(1 —b) <yr and F(y) is increasing in y.

Fy(y) >0
16
—(I—=¢é)(1 -0 <2b—(4 s (2-07) b)
~ 16
_(1—b)<2b—<41 (2 -1 b)
16 2)

+<2(2—b)—(4_b2)(2—b >>0

—<2b—2b2—(41i2)(2—b2)b+b2(4 2—b2>
+ 4—2b—i(2—b2 >0

(4-02)°
16

—2b+2b2+m( —b’)b— b2m(2 b?)
+42b(41(22)2(2b2)(2bb2)>0
—2b+2b2+(41(;2)2(2—b2)(b—62—(2—b—b2))>0
4 4b+2b2+(416bQ)2(2—b2)(2b—2)>0

1
2—2b+b2—(4_6b2)2(2—b2)(1—b)>0
2—2b+b2>i2(2—b2)(1—b)
(4-0%)
(4—6%)° (2 - 26+ %) > 16 (2 - b?) (1 —b)
b+ 16 > 2b%(b + 3)
which holds for all b. O

—C1 52
1—Go+a (2b—143s—a ~ ((2-b2)(1—&1)—b(1—Eg+a))?
2b ( 25 7‘31)* (1-2)2(1-v2)

1—Cpta (2b— 1+02 a = 1 _(1=¢1\(1=¢3=-b(1—Co+a) ~
Lemma A.5. B (¢, x,a) = — ( )= (5 )( : ) 171(6267(1)

—cC1

is decreasing in x—a if <

2b
2—b2"

Proof. Note that By (¢1,x,a) = B1(¢1,y,0) where y is defined as y := « — a. Also, note that

1—(62—(1)_1—(51+y)< 2b
1—-¢ 1-¢ 2 — p2

) i 2

The remainder of the proof shows that B%Bl(él,y, 0) < 0 for y such that y € (max{yr,y7},yv). Routine
computations show that B%Bl(él, y,0) < 0 when

M1y2 +M2y+M3 >0

where

11



My = —b° — 36 + 8b
My = 16b¢; — 16¢; — 16b + 14b%¢; — 6b°¢, — 6b%¢;
— 2b°¢; — 14b* + 6b® 4 6b* + 2b° 4 16
Mz = b°¢ — 20°¢; + b° — 6b*EF + 12b%¢, — 6b* — 17b%EF + 34b%¢,
— 1703 + 14b%E — 28b%¢; + 14b? + 24bé3 — 48bé; + 24b — 1687 + 326, — 16.

Miy? + Myy + Mj is an upward facing parabola with roots (by the quadratic formula) given by

- 8b+ 8¢ + D — 8bcy — Tb%¢1 + 3b3¢; + 3b*é; + b5¢y + Tb* — 3b% — 3b* — b° — (£, D) — 8

8bh — b5 — 3b3
C8b(1—&)+8(G —1)ED(1—¢)—3b%(1—¢)—3bT(1—¢)+b° (& — 1)+ Tb* (1 — &)
- 8b — b> — 3b3
:(1_61)8b78iD73b373b4fb5+7b2
8b — b> — 3b3

. —8+ D — 3b* + 7b2
=(1-a) (H 80— 305 — b )

. 8+ D + 3b* — 7h?
—(1-a)(1-
( Cl)( 8b — 308 — b )

where D = /(b2 + 8)(b — 1)(b + 1)(2b° — 13b* + 23b2 — 8). If the roots are complex, My? + Moy + M3 > 0
always holds and the proof is complete. If one or more roots are real, then the proof is complete if the larger

of the two roots is less than yi. Let ry = (1 — é1) (1 — %) denote the larger of the two roots.
ru <yi
8 — D +3b" — 7b° 2b
1-¢é)|1- 1-é&)|1—-——
( Cl)( 8b— 305 — b ><( Cl)( 2—b2>
8 — D +3b" — 7 2b
1- <1l-
8b — 3b3 — b° 2-b2

2b <8—D—&—3b4—7b2
2 — b2 8b — 3b3 — b°
which holds. O

A.2 Payoffs

In this subsection, we derive manager payoffs in each phase.

A.2.1 Competitive Phase

The analysis in this subsection is based on Zanchettin (2006) (specifically, the analysis of the case where
both firms are active in equilibrium). In the competitive phase, manager 1 solves

Hzlj?XM1(p1aP2)
HIIJ?X(l —01) D1(p1,p2)(p1 — 1) + 01.D1(p1, p2)p1
H})?XDl(pl,pz) (pr— (1 —=01)c1)

max Di(p1,p2)(p1 — €1)
1

max [1—b—ba—p1+bps](p1 —¢1)

Pp1 1—b2

12



which yields a best reply function of py(ps) = w. Manager 2 solves

max Mo (p1, p2)

D2
H}D%X(l — 03) Da(p1,p2)(p2 — ¢c2) 4+ 02D2(p1,p2)p2
II;?;XDQ(M,M) (p2 — (1 = 02) c2)

max Dy (p1,p2)(p2 — €2)
2

max [1—b+4+a—p2+bpi] (p2 — )

1
p2 1 — b2
o . _ 14&—btatb
which yields a best reply function of pa(p;) = —F=2—5=LL
yields equilibrium prices:

. Solving for the intersection of the best replies

2—b+251—ab+b62—b2
pY = ) (4)

and 2—b+2¢ +2a+10bc b2 —v?
— b+ 2¢2 + 2a + bcy — adb” —
py = R : (5)

Zanchettin (2006) shows that both firms are active in the Nash Equilibrium if

(1—2¢) (1—2_l’b2> >r—a>(1-¢) (1—2_be>

which holds by Assumption 1 and Lemma A.1.
Additionally, note that

1
Di(py,p) = =z [L=b—ba—p +bpy] >0
2—b+261—ab+b62—b2
= 1—b—ba— T
2 — b+ 26y + 2a + béy — ab® — b2
+b e >0
= 4—b" —4b+ b —dba + b%a — (2 — b+ 26 — ab+ béy — b?)
+ (20 — b® + 2b¢3 + 2ba + b*¢; — ab® — b*) > 0
= 2 —b—ba — (21 + béz) + (—b” + 2béy + b*¢1) > 0
= 2 —b—ba — 2¢; + béy — b* +b%¢ >0
— 2-0*)1-&)—-b(l—¢G+a)>0
= —b(l-é+a)>—(2-0")(1—-¢c)
2 b2
= —(1—62+a)>7¥(1—61)
P
= —(1—51*x+a)>7¥(1—61)
2—b?
= :ca>(161)<1 5 >

13



which holds by Assumption 1 and Lemma A.1, and

1
Dy(py,p) = =z [1=b+a—p2 +bp] >0
2 — 269 + 2 &1 — ab? — b?
— l—bta— b+ 2¢5 + 2a + béy — ab b
4—p2
2—b+251—ab+b62—b2
+b 102 >0
=  4—4b+4da—b"+b —b%a— (2—b+ 26 + 2a+ bé; — ab® — b?)
+ (20 — b% + 2bé; — ab® + b*é — %) > 0
— 2 — b+ 2a — 26y + b — b2 — ab® +b%é, > 0
= (2-0*)(1-é+a)—b(1—2¢)>0
— —b(1-¢&)>—-(2-b*)(1—-é& +a).
b - -
b . .
<~ 7@(1*01)>*(1*Cl*$+a)
- b
<~ (1_C1) 1_m >xr—a

which holds by Assumption 1 and Lemma A.1.
Substituting (4) and (5) into the manager payoff functions yields:

(2= (1—é&)—b(1—&+a)’

N __
M= (4-b2)% (1 1?)

and

((2—62)(1—&2+a)—b(1—61))2.

MY =
’ (4—b2) (1—02)

A.2.2 Collusive Phase

Managers collude by setting prices to maximize their joint pay:

max M (p1,p2) + Ma(p1,p2)
P1,P2

which yields collusive prices of p{ = % and p§ = MTQM Collusive payoffs are

1 1751 17617&)(17&2%’&)
Mf =
! 1—b2< 2 >< 2

MQCZ 1 17524’(1 17524’&76(1751) .
1-02 2 2

and

A.2.3 Defection Phase

When determining payoffs in the defection phase, there are two cases to consider for each manager.

Manager 1:

14



SubCase A: %Za) < % (Inactive Rival during Defection): If manager 1 defects by setting
a price p such that

bp— 2 +%-b+13

D2(papg): 1—b2 = SO
52 a 1

-2 4% i<

Py g b=

2p <G —a+2b—1
or

527@4’2[)71 5270,71 D.I
< —=14+ ———:=p7"’
= 2 AT 7

then its rival is inactive. Additionally, note that manager 1’s defection payoff is increasing in p for all

p < pf)’l. This is the case because manager 1’s payoff when p < pf)’l (and thus, manager 2 is inactive),

Mi(p,p§) = (1 —p)(p—é),

)

is increasing in p for all p < p}! := 1+—251 (the monopoly price) and plD’I < pM by

p >t

1+c Co—a—1
>14+ ——

2 + 2b
G —a—1
1+&1>2+%
Gy —a—1
51>1+%

béy >b+cé—a—1

bcy >b+c1+x—a—1
bcr—b—¢ci+1>x—a
(1-¢)1-b)>z—a

rrer et

which holds for all x—a by Lemma A.1. Thus, if a manager sets a defection price such that its rival is inactive,
it sets a price just small enough that the rival receives zero demand (i.e., the price p?’l =1+ %) In
this case, manager 1 receives a payoff of

co—a—1 co—a—1
Ml(P?’vazc) = (1_ <1+22b>> (1+226 —C1>

1-¢ Go—a—1
_ 02+a(1+02 a 51)

2 2
1-Gta(2-l+é-a
T 2 “

when defecting.
Next, we show that, in this case, manager 1 will not choose a defection price such that its rival is active
during defection. This occurs if manager 1 sets a price p > pf)’l. Manager 1’s payoff when p > pf)’l is

My (p,pS) = Da(p,pS) (p — &)

1 -

15



Manager 1’s payoff is decreasing in p when

OM; (p, p§) 1 C ., =
9 zl_bz[l—b—ba—p+bp2+cl]<0
1—-b—0 bpS§ + é
— a;_ Py + G
1—b—ba+b(H2t) 4+ ¢
— p> B)
e
— 2p>1—b—ba+b<+622+a)+261
<— 4p > 2 — 2b — 2ba + b+ béo + ba + 2¢4
— dp > 2 — b — ab+ bcy + 2¢4.

Note that manager 1’s payoff is decreasing in p for all p > pf)’l by

APt > 2 — b — ab+ béy + 26

Gy —a—1

4+2%22—b—ab+b52+251
Gy —a—1

2—1—2%2—()—@()—1—()624—261

2b 4 265 — 2a — 2 > —b* — ab® + b2, + 206
2b(1—¢)>2(1—é+a)—b*(1—é +a)
20(1—¢)>2(1—é +a)—b*(1—é +a)

2b 1—¢+a
2-02° 1-¢

L A

which holds by assumption for this case. Thus, defection payoff is increasing in p for p < p?’l and decreasing
in p for p > plD’I. This implies the optimal defection price is p?’1.2 In summary, it is optimal for manager
1 to charge price plD’I and receive a payoff of

D, I 1—62-’-0, 2b—1—|—52—a -
Ml(pl )pg) = 2b 2b - Cl

when defecting under this case.

SubCase B: %25:‘1) > 23%2 (Active Rival during Defection):  Suppose manager 1 sets a price

such that manager 2 receives positive demand during defection. In this case, manager 1’s demand is given
by Di(p1,p2) = ﬁ [1 —b— ba — p1 + bpa]. Manager 1 solves, when defecting,

rrzl)ale(p,pzc) = rr}l)axD1(p,p§)(p1 — &)
1 1

= max [1—b—ba—p1+bpgc](p1761)

1
p1 1—b2

—ab—b+2¢1+bC2+2
4

which yields a defection price of pf)’A = and defection profits of

(21-2a)-b(-&+a)”

Ml(plD’Avpg) = 16 (1 _ b2)

2Note that defection profit is continuous in p by Lemma A.7.

16



It remains to confirm that the rival firm is active during defection. Thus occurs when

1
Da(py.p5) = T4 [1=b+a—p§ +epP?] >0

1+e —ab — b+ 26, + béy + 2
1b+a<+622+a)+b< a +f+ & + >>0

4—4b+4da — 2 — 28, — 2a — b*a — b* + 2bé, + b?éy +2b > 0

2 —2b+2a — 28, — 2a — b%a — b* + 2b&; + b?G2 > 0

(2-0*)(1—é +a)—(2b)(1—¢) >0

1— (¢ — 2
(02~ a) S b
1-— C1 2 — bQ

which holds by assumption under this case. From SubCase A, recall that a manager never wishes to defect
to a price below pf)’I (as this reduces the manager’s payoff). Additionally, any price p # p{j’A such that

Frert

p > p?’l (i.e., the rival manager is active) yields smaller payoff than price plD’A. Thus, the manager chooses
between charging price p?’A and price p?’l. It remains to compare payoff under the two possibilities:

Mi(py!p§) < Mi(py,p§)
l—éa4a (2b—1+c—a 2(1—&)—b(l—é+a))
2 < 2 - cl) 16 (1 — b2
1—¢+a 1—¢+a
2b (_ 2b

+1—-¢

> <ﬁ(4(1_61)2_4b(1_61)(1_62+a)+b2(1—52+a)2)

(1—52”)2+(151)(1_5Q+a> < 1857 ! (4(1—51)2f4b(1—61)(1féz+a)+b2(1f62+a)2)

4p? 2b 1—02)
2 1 4b 1 ) )
16(1—b2) (16(1—b2) +2b) (1-¢)(1—é+a)

0<4(1—¢é)

I (R (1— & +a)®
16 (1—b2) ' 4b2 2T

O<(1—51)2—(b+§(1—b2)) (1—51)(1—524—@)

b2  1-—0b? _ 9
+<4+ b2 )(1—824’&)

0<b(l-é) - 0*+2(1-0%)(1-é&)(1-é&+a)

B 1 b
+<+ )(1—62—|—a)2

4 b
0<4b®*(1—-&)>—4b(2-0*) (1 —&)(1—éa+a)+ (b —4b* +4) (1 — & +a)?
0<(2b(1—a)—(2-0%) (1 & +a))’

Thus, p = plD’A is optimal and manager 1 receives a payoff of M; (p?’A, p§) when defecting under this case.

Manager 2:

SubCase A: —=4 . < % (Inactive Rival during Defection): If manager 2 defects by setting

1—(éa—a) —

a price p such that

bp— S —ab—b+ 3
Dy(pf,p) = L 2<0

20p —¢é1 —2ab—2b+1<0
2bp < ¢é1 4+ 2ab+2b—1
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or

¢1+2ab+2b—1 1 —1
< =1
< % +a+ %

then its rival is inactive. Next, note that manager 2’s defection payoff is increasing in p for all p < p2D oL,
This is the case because manager 2’s payoff when p < p2D’I (thus, manager 1 is inactive),

— DI
L p2 bl

My(p§,p) = (14+a—p)(p— &),

is increasing in p for all p < pdf and p2D’I < p by

pa! > py!
1+a+62 1—61
LI | _
5 >14+a %
. 1—-c
<= l+a+¢y>242a— A
1_¢c
<= Co>14a— bcl
. 1—¢
<— ci+rx>14+a— 5
11—z
= r—a>1—¢ — bcl
- 1
— J;—a>(1—cl)<1—b>

which holds by Lemma A.1 and Assumption 1. Thus, if manager 2 sets a defection price such that the rival is
inactive, then they set a price just small enough that the rival receives zero demand (i.e., p2D T —14a— 1;51
). In this case, manager 2 receives a payoff of

1—¢ 1—¢ -
<1+a—(1+a— % )>(<1+a— 5 )—02>
1—& 1—&\
% ((Ha_ % )_02>
1o (24 2Watd -1\
DY) 2 )

Next, we show that, in this case, manager 2 will not choose a defection price such that its rival is active
during defection. This occurs if manager 2 sets a price p > p2D o1 Manager 2’s payoff when p > p2D s

My(pY,p) = Da(p{,p) (p — &2)
1 ~
Manager 2’s payoff is decreasing in p when
OMs(pf, p) 1 c -
ap =1 [1—b—|—a—2p+bp1 +CQ]<O
1—b+a+bp§ +
2
l—b+a+b(H2)+é
2

e
2p>1b+a+b( zcl>+252

M (p¢,py"")

p>

p>

4p > 2 —2b+2a+ b+ bcy + 2¢4
4p > 2 — b+ 2a + bcy + 2¢s.

[ A

18



Note that manager 2’s payoff is decreasing in p for all p > p2D ! by

4pP > 2 — b+ 2a + béy + 26,
L
444 —2-—<

>2—-b+42a+0bc; + 2¢

1—¢
b
2b + 2ab — 2 + 26, > —b? + b%¢; + 2bés
2b + 2ab — 2béy > 2 — 261 — b® + b2,
2b 4 2ab — 2béy > 2 — 21 — b? + b%é

26(1—é+a)> (2-0*) (1—&)

242a—2

> —b+ bty + 262

2b 1-¢
2—-02 " 1—-¢é+a

rrrret

v

which holds by assumption for this case. Thus, defection payoff is increasing in p for p < pQD’I and decreasing
in p for p > p2D L This implies the optimal defection price is p2D’1.3 In summary, it is optimal for manager
2 to charge price p?’l and receive a payoff of

1-¢ 20+ 2ba+¢; — 1 ~
PRSI By (CRETETE I

2b 2

when defecting under this case.

SubCase B: % > % (Active Rival during Defection):  Suppose manager 2 sets a price
such that manager 1 receives positive demand during defection. In this case, manager 2’s demand is given

by Ds(p1,p2) = 1_—11)2 [l — b+ a— pa + bp1]. Manager 2 solves, when defecting,
c _ C ~
H}loang(pl sp2) = H;axD2(p1 ,p2)(p2 — ¢2)
2 2

= max [1—b+a—p2+bp?](p2—52)

P2 17()2

2a—b+2824bE142
4

which yields a defection price of pQD’A = and defection profits of

21 =& +a)—b(l—&))7>

D,A
M2(plcap2 ) = 16 (1 o bz)

It remains to confirm that the rival firm is active during defection. Thus occurs when

1

Dy py") = 755 [1 =0 —ba—pf + 093] >0

— —2()—261—2ab+2b62+b261—b2+2>O

4(1—b2)
(2-0)(1—-¢&)—2b(1—é +a)

S 11 =09 >0

= (2-0*)(1-¢&)—2b(1—E+a)>0
1-¢& 2b

et

>
l+a—2¢é = 2-02

which holds by assumption under this case. From SubCase A, recall that a manager never wishes to defect
to a price below p2D’[ (as this reduces payoff). Additionally, any price p # pg’Asuch that p > pQD’I (i.e., the

3Note that defection profit is continuous in p by Lemma A.7.
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rival manager is active) yields smaller payoff than price p2D A Thus, the manager chooses between charging
. D,A . D,I . e
price p;”*" and price p;". It remains to compare the payoff under the two possibilities:

D,I D,A
Ms(pS,py"") < Ma(p§,p3 ™)

1—¢1\ (2b+2ab+¢ —1 (2(1 =G +a)—b(l—¢))°
— C2 <
2b 2b 16 (1 — b?)

~ 2 ~
—(1_Cl> + 1;;1 (l+a—i)< ot (4(1—62+a)2—4b(1—51)(1—62+a)+b2(1—61)2)

2% 61— 02
~ 2 ~
1—-2¢; 1—¢6; . 1 1 N o 1 b . N 2 1 L9
- l4a— S a- P - (- Y -
( % ) Ty Uta-a)< i l-ata — el -a)l-ata+ s (-a)

1 1 ~ 2 1 b 1 - -
0<Zm( CQ“FG) —<41_b2+2b>(1—01)(1—02+a)

1 1 5

T G
* (161b2 +4b2)( &)

1 _ 2 b 2 _ _
0<m(1—02+a) —(1_b2+b)(1—01)(1—62+a)

o1 1 ~ N2
*(41_52%2)(1“‘1)

0<b(l—G&+a)’ - " +2(1-0%)(1-&)(1—é&+a)
3 _ 12
+(Z+1 bb )(1—51)2

0<b(1—62+a)2—2<b22+(1—b2)> (1-2¢)(1—2é +a)

s+ ) a-ar

0<4b2(1—c2 a)® - (2b3+4b(1—b2))(1—61)(1—62+a)

+ (P4 (1-0) (1 —é)

0<4b®(1 -G +a)®—2(20) (P +2(1—0?)) (1 —&) (1 —é +a)

+ (2= (1—a)
0<d®(1—&+a)=2(20) (2=0) (1 —&) (1 - +a)+ (2—b7)° (1 —&)?
<(@(1—é+a)—(2-?)(1-a))°

Thus, p2D “ is the optimal defection price and manager 2 receives a payoff of My (p{, p? ’A) when defecting
in this case.

A.3 Critical Discount Factor
Manager 1:
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SubCase A (M > 20 ) When 1=(&2-9) 5 %, the critical discount factor of manager 1 is*

1—¢q 2—b2/" 1—¢q
D,A
Ml(pl ’ apg) - Ml(plcap
D,A
Mi(py ", pS) — Mi(pY,p
(2(1—&)—b(1—-&%+a))> 1 1751) (1—51—b(1—52+a))

)

c
2
2)

=

16(1—52) 1—b2 ( 2

2
= (2(1—&1)—b(1—E2+a))®  ((2=b2)(1—&)—b(1—Er+4a))?
16(1-b2) (4—b2)2(1—b2)

2(1—&)—b(1—é+a)’ 16 (152) (—1*51*1’(21*52“))
= = — —&1)—b(1—&2+4a))?
(2(1=&1) = b(1— & +a))? — 16220000 LCata)
2(1—¢&)—b(l—é+a)’—4(1—&)(1—& —b(l —& +a))
= = — —&1)—b(1—&2+4a))?
(2(1=&) = b(1 =& +a))* — 1620 Q) i tta)
A1-a) +02 (1 -G +a)’ —4(1—)1—G+a)—4(1—&)1—é —b(l—é +a))

(2(1—é1) —b(1— & +a))” — 16 L) M Cabe)

b2 (1 — 52 —|—a)2

(2(1 =) = b(1— & +a)* — 162021 care)”

SubCase B (%Za) < 23%2 :  The critical discount factor of manager 1 is®

D,I
Ml(pl ’ 7p26) - Ml(p?7p2c)
D,I
Mi(py",p§) — Ma(py', py)
1—és+a (21)714’&270. _ 51)

57 =

_ﬁ(laél)(lfélfbﬂféz«Fa))

2b 2b 2
- 1-Z+ta (2b_1+52—a —é) - ((2-b2)(1—&1)—b(1—ér+a))?
2b 2b 1 (4—b2)2(1-b2)

In summary, the critical discount factor of manager 1 is

1—62+a(2b—12+b62—a ~)_ﬁ(l—él)(1—51—b(21—62+a))
1_

2 —é1 5 1—(¢2—a) < _2b
1—52+a(2b—1+627a _61)_((24;2)(1761)*b<1*&2+a>)2 1-¢1  — 2-b°

61: — 2b 2b (4_;72)2(1_,,2)
b2(1—éz+a)? 1-(&2-a) o _2b

((2=v2)(1—&1)—b(1—Eg+a))> 1-¢ 2—b2

(2(1—&1)—b(1—é2+a))>—16 1-07)2

Manager 2:

4pf"A = —ab=b+2614bé242 514 s derived in Section A.2.3.
5pf)‘1 =1+ ”;7‘;71 and is derived in Section A.2.3.
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SubCase A (—=z2= 1(5201 o > % :  The critical discount factor of manager 2 is®

5o = Mo py"") — Mo(pf )
My (p§,py") = Ma(p, )
1

(2(1=éx+a)=b(1-&1))> ( 1_52+a) ( 1—Ga4a—b(1—¢;) )
16(1—b2) 1—52 2 2

(2(1—&+a)=b(1-&))* _ ((2=b>)(1—Es+a)—b(1-1))*
16(1-b2) (4—b2)2(1-b2)

(2(1—&+a)—b(l—a))° —16 (1=%t2) (1—ez+a§b<1—el>)

(2(1= & +a)—b(1—6))* — 16ty pOe))”

20 -&+a)-b(1-&)) —4(1 -G +a)(1l—EG+a—b(1—é))

- ~ ~ b2) ¢o+a)—b é1))?
(2(1—é+a) —b(1—ép))? — 160t H0-C)

4(1—éy4a)’—ab(1—G+a)(1—)+b2(1—&) —4(1—c+a)(1—G+a—b(1—&))
~ ~ — —éx+a)—b(1—¢))?
(2(1 =& +a) —b(1— &) — 160t H0-C)
b2 (1-¢)

2
(2(1 = +a) = b(1- &) — 1680 a)

SubCase B (=7~ 1(5;1 2 < 22272) The critical discount factor of manager 2 is”

i - MalofpP") = MG
(?,pz ) = Ma(pY, )
) (2b+2ab+c1 1 1 (1—62+a) (1—Ez+a—b(1—51)>

—~

2b - 62) 12 2 2

_é abté — ~ —b2)(1—éz4a)—b(1—&;1))2
(455 (ast — ) — (i g=nl

In summary, the critical discount factor of manager 2 is

(gt (st o) () (aregioi) -y,
( —& )(2b+2ab+c1 1 62)7((2—}72)(1—62+a)—b(1—51))2 1—(é2—a) — 2-b2
5; = (4a-b2)2(1-b2)
b2 (1-&)? 1-& 2b
(2(1—é&2+a)—b(1—61))%— 16 (=0 - ta)—b01-21))* 1—(é2—a) 2—-b?

(a-02)?

Lemma A.6. i) §7(01,02) = 05(01,02) when x —a =0,
ii) 05(601,02) > 07(01,02) when x —a >0, and
iii) 05(61,02) < 67(61,02) when x —a < 0.

Proof. Part 1) §7(01,02) = 53(61,02) when 2 — a = 0 because firms are effectively symmetric.
Let
Osym = max{07y (61, 02),05(01,02)} = 67(61,02) = 95(01,02)

denote the critical discount factor when x —a = 0.
Part ii) Consider the case of  —a > 0. By Lemma A.4 and Lemma A.5, 6} (61,02) is decreasing in z — a
and, thus, 67(01,02) < &% By Lemma A.2 and Lemma A.3, §5(61,05) is increasing in x — a and, thus,

sym-*
5;(017 92) > 5:ym Therefore, o5 (01, 92) > 5:ym > 5;(91,92)

Part iii) Consider the case of z —a < 0. By Lemma A.4 and Lemma A.5, 67 (6;,62) is decreasing in  —a
and, thus, 07 (01,602) > 0} By Lemma A.2 and Lemma A.3, §5(61,02) is increasing in « — a and, thus,

sym*
52 (917 92) < 6sym Therefore 52 (91, 92) < 6;ym < (5’{ (91,92). O

6p2D A M and is derived in Section A.2.3.

7. D,I

py =14+a+ < L and is derived in Section A.2.3.
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By Lemma A.6, the critical discount factor equals

b%(1—ég4a)? i 1—(éa—a)

o_p2 Ay —& a 2 -
(2(1—&1)—b(1—Ga+a))2—16 220 (e ! e

1782+a(2b71;b527a ~)_ﬁ(l—ﬁl)(1—&1—b(21—52+a))

> 550 andx —a <0

5 —a 2 if 1=(@—a) ~ 2b —a<
1—Gpta(2b—14dg—a -\ _((2-62)(1-&1)—b(1-G3+a))? if 1-¢ — 2-b2 and r —a <0
25 ( 20 Cl) (1—2)2(1-12)
b2 (1—-é1)* T
—b2)(1—ég+a)—b(1—c1))2 1—(¢a— 2—b2
(2(1—&z4a)—b(1—&))2—16 =220 (42_;;2 b(1-21)) (E—a) 5
1—¢ 2b+2ab+é;—1 o 1—Go+ 1—ég+a—b(l—2¢
( 251)( abicy 7(22) 1 ( () a)( Sata ( C1))

6*

and x —a >0

182 2
1-G) \ [ 2b+2ab+d -1 ((2=b2)(1—éa+a)—b(1—2))>
( 25 )( 20 _°2)_ (4-2)2(1-52)

e 1@ 2b
if 1_(52ia) < s and x —a > 0.

Note that when compensation structures are identical (i.e., 81 = 65) and firms are homogenous (i.e., ¢; = ¢y
and a = 0), the critical discount factor is

2
* 552—78?7)-1-8 if 23%2 <1
(Ssym: (Q_b)2(1_b_b2) " o
s Lo > 1
or ]

5 {béisils ith< —1+v3
sym = (271))2 1_p_p2? ) .
W ifo>-1+v3

Lemma A.7. 6* is continuous in x and ¢;.

Proof. Tt suffices to show that manager payoffs under each phase (competition, collusion and defection) are
continuous. Manager payoffs under Nash competition and collusion are clearly continuous in = and ¢;. It
remains to show that defection payoffs are continuous at the point where the rival firm becomes inactive

1—(C2—a) _ _2b 1-&  _ _2b
when a manager defects (=% = 575z when manager 1 defects and —(Gea) = -1 when manager 2

¢1
defects).
Manager 1: We wish to show

(1 - SZ—F a) (2b - a;}ég -1 61) _ (2(1- 611)6—(1b£1b;)52 + a))Q

when 1529 — 2. Note that 222 = -2 holds if and only if 2=E2=%) = =& Simplifying the left

hand side yields
1—52-’-0, 1_1—62-’-&_6 - 1—61 1—¢ _1—&1
20 2 )22 -
1 1
=(1-¢)° 1-—
(1=2) 2—b2< 2—b2>

B L. 1 1— b2
=(1=a) 2—b<2—b

Substituting into the right hand side yields
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CU-a)—b(-m+a)y _ (20-8)-0-a)2%)
16 (1 — b2) B 16 (1 — b2)
(a-a) (2-25))
16 (1 — b2)
(a -2 (=)’
- 16 (1 — b2)
(0 (i)
N 16 (1 — b2)
= (16 (1 - b2)2) 2 —1b2)2 1(61(Iill))Q)
_ R ey

(2-0%)

and the proof is complete.
Manager 2: We wish to show

(1 ;b61> (Ha_ 1;;1 _52> - 26 _6212(?—_;)(1 =olt

when 1_1(5251&) = 52%. Note that 1_1(525;1) = 522 holds if and only if 157 = 15%24¢  Substituting this

equality into the left hand side yields:
l1—¢+a l—¢c+a 1—¢+a - 1
=Tz - =Tr (=" _ )

>(
(Q;bi,;l)
(

l1-¢co+a
(55 v

l—é&+a 1— b2
:< 212 ) ~Gta 262)

102 i
:((2_1)2))2(1—62+a)2

Substituting the equality into the right hand side yields
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2
2(1- G +a) bz (1- & +a))
)

(
16 (1 — b2) 16 (1 — b2
(2(1_eg+a)— %(1-@%))2
- 16 (1 — b2)
((1 — G +a) (74*352};%2))2
- 16 (1 — b?)
(-e2+0 ()
- 16 (1 — b2)

1 2
2 ~
o (0w ()
(10 2
=—-—%5(1—¢C+a
(2-b2)? (mera
and the proof is complete.

A.4 Assumptions

In the main text, we assume Assumption 1. In the following Lemma, we show that this assumption ensures
that 6*(91,92) < 1.

Lemma A.8. 6*(61,02) <1 if and only if Assumption 1 holds.

Proof. (<=)Assume Assumption 1 holds. Collusion is sustainable for some discount factor less than 1 if

. N
%1592) > MlD(91,92)+5%1392)‘

If ME(61,05) > MY (01,02) and MS (01,62) > MIN(61,65), then the above inequality is satisfied for some &
sufficiently close to 1 for both managers. It remains to show Assumption 1 implies ML (6y,6,) > M (61, 602)
and MY (61,02) > MY (61,05). Note that

M (61,02) > MY (01,02)
1 (151) <151b(162+a)> y (2=02)(1—&)—b(1—& +a)’

-2\ 2 2 (4—12)%(1-b?)
— x—a>(1—61)<1—(4b2) ﬁ£2+8b3>
and xa<(161)<1+(4_b2) ;)24—8—&—63).

The first inequality holds by Assumption 1. The second inequality holds trivially as és < 1+a — z—a <
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1 — ¢;. Note that

ME (61,65) > MY (61,6)
1 1—¢ 1—¢ —b(1—¢
PN ( 02—|—a>< Ca+a ( cl))>

152 2 2
(=0 (1—é+a)—b(1—&))°
(4-02)%(1-b2)
(1_6)<1_ (4—b2)\/b‘2+8+b3> .

= 16 — 602
1-) 1+(4—b2)\/b2+8—b3
or C1 16 — 612 <T—a.

The first inequality holds by Assumption 1. The second inequality never holds by é& < 1+ a.® Thus,
Assumption 1 implies Mlc(ﬁl,ﬁg) > M1N(91,92) and M§(91,02) > M2N(01,92).
(=) Assume 0*(01,62) < 1. 6*(61,02) < 1 implies that there exists a § € (6*(61,02),1) such that

ME (61,065)
1-6

MN (6,6
ZMiD(Ql,Qz)Jr(;%léz)

for both manager 1 and 2. Note that MP(0;,62) > M (01,62). Thus, the above inequality implies
ME(0y1,0) > MN(6,,05) and MS (0;1,62) > MY (61,02) hold. As shown in the first part of the proof,

(4—b2wm—b3>

Mlc(ﬁl,ﬁg) >M1N(91,92) —— r—a> (1—61) (1—

8
and
4 —b%) /b2 +840°
M20(61,92)>M2N(91792) — x—a<(1—61) (1 ( 1)6—6b2 .
Thus, Assumption 1 holds. O

A.5 Proofs from Main Text

In this section, we provide additional details behind the proofs of the results in the main text. As in the text
appendix, let §7(¢1,x,a) denote the critical discount factor of manager ¢ when the perceived marginal cost
of manager 1 is ¢;, the asymmetry in perceived marginal cost is z = ¢; — ¢; and the asymmetry in product
quality is a. The industry critical discount factor 0*(¢é1, x, a) is defined analogously.

A.5.1 Proof of Proposition 1: Additional Details

Proposition (Proposition 1 from the Main Text). i) 67 (61,02) = 65 (61,62) when éa —é —a =0,
ii) 05 (01,02) > 07 (01, 03) when ¢2 — ¢ —a >0, and
ZZZ) 5; (01,92) < (ST (91,02) when ég — ¢ —a < 0.

Proof. See the proof of Lemma A.6. O

A.5.2 Proof of Lemma 1: Additional Details

Lemma (Lemma 1 from the Text Appendix). Suppose x —a # 0. Then, 6*(¢1,x,a) is increasing in
C-

) - . —b2)y/b2 4813
8¢ <l4a = z—a<1l-28 <(1-¢&) (1"'(41)6—76158)'
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Proof. There are four cases to consider:
Case 1 (zx —a > 0 and % > %): In this case, the critical discount factor is determined by
manager 2 (see Lemma A.6). By the derivations in Section A.3, the critical discount factor for manager 2 is

Ao(é1,7,0) = b (1—&)’
@A -a) 2@ —a)t - gl (2 b0 (1= ) - (282 (2 — @)

Note that As(é1,x,a) = Ax(é1,y,0) where y is defined as y =  — a. Also, note that

1-¢& 2b 1-& 2b
> = >
1—(G—a) " 2= 1—(a+y)  2-b?

2 p2
— y>yt=(1-2¢ - )
y>y; = (1 Cl)(l 5 >

The remainder of the proof, for this case, shows that 8%1‘42 (¢1,y,0) > 0 for y such that y € [y3,yy) and
y > 0. 22 Az(é1,y,0) > 0 when

- 2 16 ~ 2 ~
- (((26)(101)211) *m(@*b*bz)(l*m)*(2*52)9) >b22(101)
0 (1-&)° (2(2b)((2b)(161)2y)+(2bb2)(432l)2)2((2bb2)(1&1)(2b2)y)> =

0221 - 1) (2= 6) (1= &) = 4y (2= 1) (1 - &) + 49

SN—

0 (=b=t)*(1-a) -2 2= (1—a) 2= b—1%) + (2-1%)"?)

+b22(1 — 61) ((4_[)2)

s (2=b=0)(1-&)—(2-b")y) | >0

(4-10%)

N——

—b?(1—¢) (—2(2 —0)((2=b) (1 — &) —2y) + (2—b—10?)
(6

~
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Dividing the left hand side of (6) by —2b%(1 — ¢;) and simplifying yields

(2=b)(1—a))* -4y (2-b) (1 - &) + 4

10 (-b-t)"(1-a) —2y 2-0%) (1= @) (2-b— ) + (2 %))

(4-12)°

i (s a - o))

(2=b)(1—&))* =4y (2 —b) (1 — &) + 4y?

T(1—é) <—(2—b)((2—b)(1—61)—2y)+(2—b—b2)

_(4_16(,2)2 (b=t (1-a) —2y2-0) (1 - @) (2-b— ) + (2 %))

—(2-1b) ((2—b) (1) —2y(1—61)) +(2-b—1b?) T _16;,2)2 ((2—b—62) (1—a)’ = (2-8)y(1 —51))
(2=b)(1—))* =4y (2—b) (1 — &) + 4y

—(4_1(;2)2 ((2—b—b2)2(1—61)2—2y(2—b2)(1—61)(2—b—b2) + (2—b2)2y2)
—2-b0)?1-a)’+2y2-0)(1-&)+ (2-b-1%) (4_16;)2)2 2-b-0*)(1-¢&)°

_(4_1‘12)2(2_1)2) (2-b—1?)y(1—&)

—2y(2-b) (1 — &)+ 4y?
16

_m ((2—b—b2)2(1—51)2_2y(2_b2) (1—61) (2—b—b2)—|—(2_b2)2y2)

+(2-b-107) 10

16
a e

2-b-0")(1—¢&) 7T

(2-0") 2-b-0)y(1-a)
2y (2 1) (1 - ) + 4y

_(4—16b2)2 (e-b-p)0-a)-2g@-1)a-a)@-b-1)+(2-1)y)
16

(4—b2)2 (2_b_b2) (1_61) -

+

(2-0*)(2-b-0")y(1—2¢)
16
(4-1b2)?

2y (2-0*)(1—¢&) (2-b—0b%) —

(4-02)°
2y (2—b) (1 — &) + 492 — (2-b—0%)°(1—é&)

16 N2 o
(14— ) (2-0%)"y
(2-0*)(2-b-b})y(1—&)

(2-6%)7y?

16
(4-b2)°

— (2= b-) (1 —&) -

+

16
(4-02)°

0 sy(2-0°)(1—¢)(2-b—1b") —

1 16
(4-0%)

72y(2—b)(1751)+4y2+ m

Thus, 72-As(é1,y,0) > 0 if

16 2\ 2 2 16 2 ~ 2 P
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Dividing both sides by y (which is positive) yields

16 2 16 5 -
Term 1 Term 2
Note that Term 1 is positive by
1
4—(2—b2)276>0
(4—-02)°

(4-0)° > 42—
4-b%>2(2-10%)
4-b">4-2b

b >0

and Term 2 is negative by

g 2P @) o) 2@ n (1 -a) <0

(4_81)2)2(2—1;2) (2-b-0*)—(2-0) <0
8(2—-0%) (2—b—1b%) < (2—b) (4—b%)°
8(4—2b—2b>— 2" —b° +b") < (2—1) (16 — 8b* + b")
32 — 16b — 166 — 16b% — 8b> + 8b* < 32 — 166> + 2b* — 16b + 8b> — V°
—16b% — 8b% + 8b* < 26 + 8% — P
b’ + 6b* < 16b% + 16b°
b3 + 6b% < 16 + 16b.

Thus, Fi(y) is increasing in y. Therefore, it is sufficient to show that Fy((1 — b)(1 — ¢é1)) < 0 because
yu < (1 —b)(1 — ¢1) (where the inequality follows from Lemma A.1) and Fi(y) is increasing in y.
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F 171) 1))<0

16 2 16
1-¢)(1-b)[4——=2-V) |+(1-a)| ——=2-V)(2-b-b*)—2(2-b) | <0
( 1)( )( (4—62)2( )> ( 1)<(4—b2)2( )(
16 2 16
1—b)(4— 2-0%)" | + 2-b*) (2-b-0*)—2(2-0)| <0
1 1 16
4—762(2—b2)2+762(2—b2)(2—b—b2)—2(2—b) —b(4—-———— (2-1*)%) <0
(4 — b2) (4 —b2) (4—b2)?
1 16
4 p—20 (2= —22-b) | -b[4-—— (2= <0
(4—-10%) (4-1b2)?
10 2-v*)+2b|—-b(4— — 10 (2-6)°) <0
(4 — b?) (4—b2
16 ) )
—2b—b 5 (2—0°) + S (2-1))’b<0
(4-10?) (4*b2)
8 8 2
-1- b?) + v*)" <0
(471)2)2( ) ( 7()2)2( )
8
—1+ 2-0%) (1-0%) <0
T 2P ()
8(2- %) (1-02) < (4-%)°
(2—2b2 b +b') < 16— 8b> + b*
8(2—2b* —b* +b") < 16— 8b° + b*
16 — 16b% — 8b + 8b* < 16 — 8b* + b*
—16b% + 7b* < 0
7 < 16
which holds as b < 1. i
Case 2 (r —a >0 and 1_1(E2cia) < % : . In this case, the critical discount factor is determined by

manager 2 (see Lemma A.6). By Section A.3, the critical discount factor is

( 1551 ) (2b+2a§b+61 -1

*52)*1—1172( 2 2

—é ab+é — ~ 2-b2)(1-E2+a)—b(1—¢1))*
(12171) (2b+2 gzj = - 02) -4 )((4—17022)2((11)—1)2() al

1752%) (1762+a7b(1761))
82(517 xZ, a) =

Note that By (é1,x,a) = Ba(¢1,y,0) where y is defined as y := x — a. Also, note that

1—¢ < 2b . 1—¢ < 2b PN - (1_0) 1_2_b2
1—(é—a) 27b2_1f(51+y) 2 _p2 y<ys= 1 5 .

The remainder of the proof for this case, shows that %Bg (¢1,9,0) > 0 for y such that y € (0, min {y3,yu}).
Routine computations show that %Bg (€1,¥,0) > 0 when

Myy* 4+ Moy + Mz > 0

where
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M, = 2b° — 14b% + 16b

My = 32b¢; — 16, — 32b + 14b%¢; — 28b3¢,
— 6b%¢; + 4b°¢; — 14b% + 280 + 6b* — 4b° 4 16

My = bP& 