Technical Appendix to Accompany
“On the Design of Price Caps as Sanctions”

by D. Sappington and D. Turner

Equations from the Text

k k kR
CR(QA7QN) = C4 QA‘f‘?A[QA]z‘i‘CN QN+7N[QN]2+7[QA+(]N]2-

D = [2b+k] [ky (ka+ k") + ka k"] +0ka[30+2k] —0*[b+ k] > 0.

kal(a—cn)(2b+k)—bla—c)] > [ex —cal [30° +2b (K +E") + kK" ].

R’s problem is:

Maximize Pa(qa+aqn+q)qa+[a—0b(qa+av+q)]av — CF(qa, qn)

qa>0,qv >0
{25 if P(Q) >p

vhere P = o) it @) <

The rival’s problem is:

Ma;ci;glize la—=b(qa+aqv+q)]lqg— Clq).

()

Proposition 1. There exist values of the price cap, 0 < p; < Dy < D3, Such that, in

equilibrium, qa = 0 if and only if p < py. Furthermore: (i) p < P(Q) if p < Py; (i)

P = P(Q)if pe(PyD3]; and (iii) p > P(Q) if p > D

Proof. The proof follows directly from Lemmas A1 — A6 (below), which refer to the following

definitions.
_ la —cn][20+Ek] —bla—c] R
= b+ k™.
h CA+[2b+kN+kR][2b+k]—b2[+ ]
1
Py = F{[a(b+k:)+bc][(b+k:R) (kn +ka) +kyka—bky ]
2

+ b[b+k][ka—bley +0[kn+b][b+k]ca}
where Dy = b[b+k|[kn +ka|+kn[ka—0][2b+ k]
+ [kn+kal[2b4+ k] [b+E"].

Py = Dig{[a(b+k)+bc][(b+kR)(kN+kA)+kaA]
+ bCN[b+k]kA+ka[b+k]CA}

(6)



where D3 =

b{b+k][ky+ka]l+knka[20+F]

+ [kn+kal[2b+ k] [0+ K" ] Dy +bky[2b+E].

Lemma A1l. Suppose p < p;. Then in equilibrium:

0.y = [a—en][2b+ k] —b[a—c]
N T T2b+ ky + KR [20+ k] — 02

la—c][2b+kn+ k"] —bla—cy]
q = , and
[2b+ kny + ER][20+ k] — b2

Q = qa+anv+gq

[a—c][b+ky+ k] +[a—cn][b+ k]

. 9
20+ ky +ER][20+ K] — b2 ()
Proof. (4) implies that R’s problem when g4 = 0 is:

o k kR
Maximize [a —b(qv +q) —cn | gy — - (QN)2 - <QN)2 .
gn >0 2 2

(10) implies that R’s profit-maximizing choice of ¢y > 0 is determined by:

(10)

a—2bqy —bq—cy —kyay — kfqy =

a—cy—bg

=0 = = —. 11
N 2 hy + kR (1)

(5) implies that the necessary condition for an interior solution to the rival’s problem is:

a—blga+tan+ql—c—bg—kq =0 & [2b+k]q

a—blga+aqn]—c
a—C

© 0= o gk At

(12)
(11) and (12) imply that when ¢4 = O:
a— CcN B b a—c—bgy
N b hw+RE 204k kR | 20+
_ la—cn][20+ k] =bla—Dbgn — ]
B [20+ kn + EB][20+ k]
b? la—cn][2b+ k] — b[la—c]
= gqn |1 =
[2b+4+ ky + k] [20+ k] [2b+ kn + ER][20+ k]
= gy [(2b+ ky)(2b + k) — V] la—cn][2b+k]—=b[a—c]
la —cn][2b+ k] —bla—c]
= . 13
T OIN T 120t ky L RE] (201 K] — 02 (13)
(12) and (13) imply:



a—c b [a—cny]|[2b+Kk]—bla—c]
20+k {zbw] [2b+ ky + KR [20+ k] — b2

[a—c][(2b+kn +k7) b+ k) —b?] —b[la—cn][2b+ K]+ b [a—c]
[2b+ k] [[2b+ ky +ER][2b+ k] — b?]

la—c][2b+kn+kR][20+ k] —b[a—cn][2b+ K]
20+ E][[20+ kn + ER][20+ k] — b?]

l[a—c][2b+kn+ k"] —bla—cy]

[
T TR (14)

(13) and (14) imply:

la—c][b+kn+ k%] +[a—cn][b+ k]

@ =gt = [20+ ky + kB [2b+ k] — b2 ‘ (15)

_ 1
o [2b+ky +ER][204+ k] — b2

Ala—cen][20+ k] [b+ k"] —bla—c] [b+E"]
+ ca[(2b+KF +E7) (20 + k) —07] }. (16)
(15) implies:

B la—c][b+kn+ k%] +[a—cn][b+ k]
P@) = a=b (204 kn + ER][2b+ k] — b2

al(2b+kn + K 20+ k) —b*] —bla—c|[b+ky+ k"] —bla—cn][b+ k]
(20 + ky + k2] [20+ k] — 02 '
(17)

Observe that: [2b+kN+kR}[2b+k] > 402 > B2,

Therefore, (16) and (17) imply:
< PQ) & [a—cn][20+k][b+k"] —bla—c][b+E"]
+oea[ (204 ky + %) (20 + k) — b?]
< al(2b+ky + k") (2b+ k) — %]
— bla—c][b+kn+ k"] —bla—cy][b+ k]

& la—cn][20+k][b+E%] —bla—c] [b+E"]



+oea[(2b+ ky +EF) (2b+ k) = b* ]
< al(2b+ky+EY) (2b+k)—b?]
— bla—c][b+kn+E"] —bla—cy][b+ k]
& 0 < [a—cal[(2b+ky + EF) (2b+k) =] —b[la—clky
—la—cen][@2b+Ek) (b+E) +b(b+E)]
& 0 < [a—cal[2bk+2bk" + kK" +30" +2bky + kky |
— bla—clky —[a—cn][2bk+2bk" + kK™ + 307 ]
& [env—cal [20k+ 20k + kK" + 307 ]
+ ky[(a—ca)2b+k)—b(a—c)] > 0. (18)
The last inequality in (18) reflects (3). Therefore, p < P(Q) when p < p;.

It remains to show that g4 = 0 when p < p;. Because p < P(Q) when p < p1, g4 = 0
when:

0
8_{ [P—calga+[a—b(ga+aqv+q) —cnlgn
qa
]CA 2 kN 2 kR 2
_ A _ oV T <
5 [qa] 5 [qn ] 5 [av +qa] T 0
& p—ca—bgy—kfqy <0
~ [a —cen][2b+ k] —bla—Cc] B _
< k = . 19
S et b ko PR = (19)
The equality in (19) reflects (13). O
Lemma A2. Suppose p € (P, p2]. Then in equilibrium:
1
ar = S {[BP +20 (kthy + k") +k (ky + K1) ] [P - ca]
+ b[b+kR][a—c]—[2b+k][b—l—kRMa—cN]}; (20)
1
N = 5{[Qb+k][kA+kR}[a—cN]—b[kA+kR}[a—c]
— [b(b+2kR) +k (b+ER)] [P —cal}; (21)

Q" = qa+ay = pA[20+ K] [(b+ky] [P cal + 20+ k] [ka— b [0 — cy]



— blka=blla—c]}; (22)

q = %{[kN(kA+/€R)+/€AkR+2bkA_b2}[a_c]

— blka—0blla—cy]—b[b+Ekn][P—ca]}; and (23)

Q = a+as+ay = 5 {[b+k][b+ky) [P cal + [0+ k] [ka— b [a—cy]

+ [k (ka+ky)+ka(b+ky)][a—c]}. (24)

Proof. (4) implies that if g4 > 0 and p < P(Q), R’s problem, [P-R], is:
k4

Maximize P ga+ [a—b(qa+qy+q)]an —ca ga — = [qa]”
qA,4N 2
k kR
- CNQN_?N[QNP_?[QA"’QNP'
The necessary conditions for a solution to [P-R] in this case are:!
ga:  P—bav—ca—kaqa—k'[qa+aqn] = 0; (25)
av:  a—blaatav+ql—bay —cn —kyvay — k¥ [qa+qn] = 0. (26)
(25) implies:
p— b+ k"
D—bay —ca—kRqy = [ka+ kR S .27
P—ban —ca av = [ka+E"qa = aa pye il e A K2 (27)
(26) implies:
a—blga+q]l—cn—kqs = [2b+k3N+k3R}QN
a—cy [b+kR]qA+bq
- - 2
TN T bty A kR 2b+ ky + kR (28)
(25) also implies:
p— ka+ kR
B e —Faan— R = [ha+ kR _ p=ca |\ Fa : 2
P—ca—kaqa ga = [b+k' v = bR bR | A (29)
(28) and (29) imply:
a—cy B [b-l—k?R}C]A-I—bq _pP—ca ka+ Ef
20+ ky + k% 2b+ky+kE b+ kP | bt kR |
b+ kR ka+ kR a—cy D—Ca bq

qa =

2b+ky + kR b+ kR 2b+ky + kR b+kR  2b+ky+ kB

Tt is readily verified that the determinant of the Hessian associated with [P-R] in this setting
[kA + kR] [2b+ kn + kR] — [b + kR]z, which is strictly positive if k4 > g

is



= {[b+kR]2— [kA—i—kR] [2b—|—kN—|—kR} }CJA
= [b+k"][a—cn]—[20+kn+ k7] [—cal —b[b+ER] g

L = [b‘l—k‘R}[CL—CN]—2[2[)+]{?N+]€R][]_?—CA]—b[b—F]{R}q. (30)
[b+ kB —[ka+ kR [20+ kn + KB]

(5) implies that the rival’s problem in this setting, [P], is:

k
Maximize [a—b(qA+qN+q)—c]q—§(q)2. (31)
q

The necessary condition for an interior solution to [P] is:
a—blga+agv+q]l—c—bg—kq =0 & [2b+k|qg = a—Db[ga+qv]—c

a—-c b
= - . 2
® 4= o Zb+k[QA+QN] (32)

(29) and (32) imply:

a—c b D—cCa ka+ kR
q = qa + - 7 |44

2b+k 2b+k | T o+ kR \ bt kR
_a—c b p—cal| b _kA—l—k‘R

2b+k 2b+k|b+kR| 2b+k bt kR |4
_a—c b p—cal| b b—kqy (33)
T Ob+k 2b+k| bt KkR| 2b+k|brkR |

(30) and (33) imply:

[+ k%] [a—cen]— [2b+kn + K] [P —cal
(b4 kR — [ka + ER][2b+ kn + kR

b[b+ k"]
[b+ER)? — [ka+ kR [20+ ky + kB

a—c b p—ca| b b—Fka
btk 204k |btkE| 2064k | bt kR |

bb+ k"] b bk
= qa [1_ ([b—I—kR]2_[kA+kR][2b+kN+kR]> <2b+k> (b—i—kR)]

[0+ kR [a—cn]— [20+ky + KB [D—ca]
[b+ kB> — [ka+kR][2b+4 ky + k]

qa =




- b[b+ k"] [a—c_ b (p—cAH
[b+ kR — [ka +KkB][2b+ Ky +kB] [ 204+Kk 20+ Kk \ b+ kR
V2 [b—ka]

T T Ik b R = [kA+kRH2b+’fN+’fR]}]

26+ k) { [b+EE] [a—en]— [2b+ky + K] [F—cal }
B [2b+ k] {[b+KkR]> — [ka+KR][2b+ by + ER] }

blb+E] [a—c—b(F4)]

[2b+ k] {[b+KkRB]> — [ka+kB][2D+ by + 2] }

= qa {20+ k] ([0 7] = [ha+ K] [20+ o+ 50] ) =02 (b= ka] }

= [2b+k]{[b+ k"] [a—cn]—[2b+kny +E"][D—cal}

—b[(a—c)(b+E")—b(P—ca)]. (34)
Observe that:

204+ k] { [0+ k71" = [ka+ k] [20+ ke + K] | =07 [b— ka]

= 20+ K] { 82+ 20"+ (K%)” = 20k — 201" — kaky — KRhy — ka k% = ()" }
— b+ b%ka

= [2b+ k] [0 —2bka — kaky — k"ky — ka k™) — b* + b’ka
= 20% —4b%ky — 2bkaky — 20K ky — 2bka kT

+ 0’k —2bkka — kkaky — kE"ky — kka k™ — 0° 4+ 0%k4
= 0 —30%ka — 2bkaky — 20k"ky — 2b ks K"

+ U2k —2bkka — kkaky — bk ky — Kk k®
= b [b+k|—bka[3b+2k]—[2b+k] [k (ka+ k") +Ekak™]. (35)
Further observe that:

[2b+ K] [2b+kn + K] =% = 2b[2b+ky + KR ] + K [20+ by + K7 — 0
= 30+ 20 [ky + k"] + Kk [20+ ky + K7

= 302+ 2b[k+ky+ k"] +k[ky+E7]. (36)



(2) and (34) — (36) imply:
w = 5L [38 420 (ktky +K7) + & (k +57)] [P~ ca]
+ b[b+E" ] [a—c]—[2b+ k] [b+E"][a—cn]}. (37)

(2), (29), and (37) imply:

D—cCa {k}A—FkJR} 1
qn

il s 5{[3b2+2b(k+kN+kR)+k(kN+kR)][ﬁ—cA]
+ b[b+ k" [a—c]—[2b+k][b+E"][a—cn]}
1 _
m{[P—CA]D
— [ka+EP][302 + 20 (k+ky + k%) + & (kn +£7) ] [P — ca]
—b[b+ k"] [ka+ k"] [a—c]

+ [20+ k] [ka+ k7] [0+ k"] [a—cn] ) (38)
(2) implies:

D— [ka+ k"] [30°+2b(k+ky+ k") +k (ky +£7)]
= [20+ k] [ky (ka+ k") +kak™] +0ka[30+2K] — b [b+ k]
— [ka+E®] [30* +2b (k+ky + k%) + k (by + &) ]
= [ka+E") [(20+k)kn — 36" —2b(k+kn + k%) —k (ky + k%) ]
+ (20 + k] ka k" +30%ka +2bkka — 0 — b2k
= [ka+ k") [-30>—2bk —2bk" — kE"]
+ 20ka k" + kka k™ + 3%k +2bkky — b® — bk
— —30%ka — 3V%KT — 20k ka — 20k KR — 20k kR — 26 (kF)® — kka kT
— k(K™ 4 20ka kR 4 Kk k® 4 30%ka + 20k ka — b° — bk
— 3R — 20k KR — 20ka kR — 20 (K7)" — k (k)
+2bka k" — b — 0%k

— DR 20K — bk R — bk KR — 20 (K7)” — k (KF) — b — bk



— VP [b+ kR = 20%KR — bk [b4+ kR] — bR KR — 20 (KF)° — k (kF)”
= b [b+ k"] —20k" [0+ K] —bk [0+ k"] — kKT [0+ k"]
= — [0+ k") [0*+ 20k + bk + kK"
= — [b+E") [b(b4+2k") +k(b+E)].
(38) and (39) imply:
N = %{[2b+k][/fAJrkR][a—CN]—b[/fAJrkR}[a—c}
— [b(b+2k") +k(b+Kk?) ] [P—cal}.
Observe that:
30 +2b[k+ky + k%] +k[ky+E%] = [b(b+2E") + k(b4 k)]
= 302+ 2bk +2bky + 20k + kky + kKT — b —20k% — bk — kKR
= 202 +bk+2bky+kky = b[20+k]+ky[2b+ k] = [2b+k][b+ky].
Further observe that:
b[b+ k"] —b[ka+k"] = b[b—ka] and
(204 k] [ka+ k"] —[2b+ k] [b+ k"] = [2b+K][ka —b].

(37) and (40) — (42) imply:

watay = 35 {20+ k) [k [P ea] = blka = b][a—c]

+ [2b+ k] [ka—0b]la—cn]}.
(32) and (43) imply:

7= 2ab:rclg_ [Qbik] % {[2b+Kk][b+En][P—ca]l —b[ka—b][a—c]

+ [2b+ k] [ka—b][a—cn]}
D+ [ka—b]
= “Drab+r] ¢

_ %{[b+kN][ﬁ—CA]+[2b+k][kA_b][a_cN]}'

(2) implies:
D+0*[ka—0b] = [2b+Fk][kn (ka+ k™) +kak™] +0ka[30+2k]



—V[b+k]+b*[ka—b]
= [20+ k] [ky (ka+ k") + ka k™) +46%ks +2bkka — b* [2b+ k]
= [2b+K] [ky (ka+ k") +kak™] +20ka[2b+ K] —b°[2b+ k]
= [20+ k] [kn (ka+ k") + ka k™ +2bka — b ]. (45)
(44) and (45) imply:

1
q = 5{[kN(kA+kR)+kAkR+2bkA—b2}[a—c]

— blka—blla—cy]—b[b+ky][P—cal}. (46)
Observe that:
[2b+k][b+kn]—b[b+Eky] = [b+Kk][b+Ekn];
[Qb—i—k][l{?A—b]—b[k?A—b] = [b—i-k][k?A—b], and

kv [ka+ k%) + kak® 4+ 2bka — 6% —b[ka — b]
= kn [ka+ K]+ kak+bka = k¥ [ka+kn]+kalb+ky]. (47)
(43), (46), and (47) imply:
Q = gantay = — {[b+k][b+kn][P=cal+[b+k][ks—b][a—cy]

D
+ [k (ka+ky)+ka(b+ky)][a—c]}. (48)

It remains to show that g4 > 0 and p < P(Q) when p € (p1,p2]. (37) implies that
qa > 0 if:

blb+kn][a—c]+[p—cal[2bk+2bky +20k" + kky + kK" +30%]

—la—cn] [bk+20k" + kET+207] > 0

la—cen][bk+20kR + EER+20*] —b[b+ky][a—c]
20k +2bkn +2bkR + kky + kER + 302

a1l

& ca -t

la —en][2b4+ k] —bla—c]
(20 + ky + kE|[2b+ k] — 02

&S P> cy+ [0+ k"] = pr.
The equality here reflects (6). (48) implies:

1
Q = E[ClaJngchCch+C40A—6'417] (49)

where Oy = [b+k][ka—0b]+ k" [ka+kn]+kalb+ky]
10



= bky+bka+kka—bk+kakP+knk®+bks+kaky
= 2bka+kka+kaky +Ekak®+EknER -2 —bk;
Cy = — Kk [ka+ky]—kalb+kn]; C3 = — [b+k][ka—0b]; and

Cy

— [b+k][b+EkN]. (50)

(49) implies:
[D—bCl]a—bcC'2—ngcN—bC'4cA+bC4ﬁ
D .

(51)
(2) and (50) imply:
D—0bCy = [2b+k][ky (ka+ k") +kak™] +bka[3b+2k] =0 [b+ k]
— b[2bka+kka+kaky +kak™ +ky k"= —bk |
= 2bkaky +2bkn kR + 20k s kR + kkaky + kkn kT 4 kg k% + 30%k,
+ 2bkka—bk —2b%kq —bkky —bkaky —bka k™ —bky k% 4 b2k
= bPhy+bkka+bkaky +0kak® +0kn k" 4+ kkaky +Ekka k™ + kky kR
= [b+ k] [bka+kaky +kak™ + ky k"]
= [b+E][(b+ka)(kn+ka) +hnka—bkn]. (52)
(2) and (50) imply:
D —bCy = [2b+k] [ky (ka+E") +kak™] +bka[3b+2k] — b [b+ k]
—b[b+E][b+kn]
= 30%ky — 0%k — 0>+ 2bkka+2bkakn +20ka kT +20ky KR 4+ kkaky
+ kkak® + kkyE® + ky b+ ky b+ 0+ bk
= 3b%ka +2bkka+2bkaky +2bka k™ +2bkn k" + kkaky
+ kka Kt + kEy R+ ky b +kn kD
= b[b+k]|[kn+kal+[kaky —knb][2b+K]

+ [ky +kal[20+ K] [b+E7]. (53)
(51) implies:
[D—bC’l]a —bCCQ— ngCN — bC4CA+bC4]§
D

11



[D—bCl]a—bcC'Q—ngcN—bC'4cA

o 5o bCy
_ bC4 [D—bC’l]a—bcC’g—ngcN—bC’4cA
_ x4 4
& o= < . (54)
-~ ﬁ[D—bC;,L] < [D—bC'l]a—bcC’g—bC’ch—bC'4cA
_ [D—bCl]a—bcC'Q—ngcN—bC'4cA
< .
< P s D—-bCy (55)

(54) reflects the fact that D —bCy > 0 because Cy < 0 (from (50)), and because D > 0,

by assumption.

(50), (52), (53), and (55) imply:
p < i{a[b+k][(b+k3) (kn +ka) +kyka—bky ]

P =
2

+bc[(ky+ka) (0+ k%) +kaky —bky]
+b[b+k][ka—blen +b[ky+b][b+k]ca}

& p < Di{[(b+k)a+bc][(b+kR)(kN+kA)+ka:A—ka}
(56)

+ b[b+k][ka—blen +b[kn+b][b+k]ca} = Pa.
The equality in (56) reflects (7). (55) and (56) imply that p < P(Q) (and g4 > 0)
when p € (p1, p2]. O

Lemma A3. Suppose p € (po, p3|, where py < p3. Then in equilibrium, P(Q) = p.

Furthermore:
= blb+k]|[cy —cal +hnla—pllb+k]—bkn[p—c].
A b[b+ k] [ky + ka] ’

_ kalb+k][la—p)—bka[p—c]—=b[b+k][ex —ca]
N = blb+ k] [ky + ka] ’

_ _ [b+k]la—p]-b[p—c].
_ pb—c, _a-p
q = b—|——]{;’ and Q = b . (57)

Proof. (4) implies that R’s problem, [P-R], can be written as:

= [Palg+ Q") —calqa+ [PQ"+q) —en ] [QT — qa]
12

Maximize Il =
qa, QF



{

_ kA[ =
g 1141 77
D if P By >p
where Pa(q + Q%) = b R 1 _(Q+Q ) _Rp (58)
P(q+Q%) if p > P(q+Q").
(58) implies that the necessary conditions for a solution to [P-R] are
oIl
Wj = Pa(q+Q") —ca—kaqa—[P(q+ Q%) —cen | +kn [QF—qa] = 0 (59)
8+HR G_HR
and W <0< W, (60)
where BC,;QT,[%R denotes the left-sided derivative of IIp with respect to Q, which is relevant
when P4(-) = p, and ang}%R denotes the right-sided derivative of Iz with respect to Q¥,
which is relevant when P4(-) = P(Q)
12) implies:
(12) fmp a—bQ) —bqg—c—kq = 0
& p—bg—c—kq =0 < _b-¢ (61)
p q q = q = btk
Because p = a —b[q+ QF], (61) implies:
5 a—b| P or R _ ,_~_ ,|P=¢
P = a b{b—i—k—i_Q] S bQ a—7p b[bjtk]
R_a—p p—c  [a—p]lb+k]-b[p—c]
= —_ = . 2
e b btk blb+ k] (62)
Because p = P4(q+ Q%) in equilibrium, by assumption, (59) holds if:
P—ca—kaqa—[p—cn]+ky [QF—qa] =0
& ey—ca—kaqat+EkvQF —knyqa = 0. (63)
(62) implies that (63) holds if:
[a—p][b+k]-b[p—c]
—cq—k k —k =
CN —CA—kaqa+ky blb+ 7] N A 0
la—p][b+k]—b[p—c]
k kal = — k
& qalkn +kal CN — €A+ RN b[b+ k]
CN —Ca la—p][b+k]-b[p—c]
+ kn
b[b+ k] [ky +kal
13

{:} e
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_ b[b+E][en —cal +hyvla—p][b+ k] —bky[p—c]
B blb+k][ky+kal ' (64)

(62) and (64) imply:

l[a—pllb+k]—b[p—c]
av = QF—qu = o+ K]

blb+k][ey —cal+kyla—p][b+ k] —bky[p—c]
b[b+k|[kn+Fka]

[a—ﬁ][b—Fk][lﬂN—'—kA]—b[ﬁ—c][]fN—l—kA]
b[b+k|[kn+Fkal

blb+k][ey —cal+knla—p|[b+k]—bky[p—c]
blb+Ek][ky +Fkal

B kA[b—i-k’HCL—ﬁ]—bk‘A[ﬁ—C] — b[b+]€][CN—CA]
B b[b+k][ky + ksl ' (65)

(64) and (65) imply:
1

Q" = aatav = pr T (Rl b k][ 7]

— blky +kal[p—c]}

_ [b+k][ab[—bi]k—]b[p—0]' (66)

(61) and (66) imply:

Q = @"rq = PHHGTREIEC Sl - T
(58) implies:
856;3 = —bgat+a—2bQ% —bg—cy+bqs—ky[QF —qa] — KT QT

— a—2bQ —bg—cn —kn [QF —qa] — KR QT

= p—bQ" —en —kyan —kKTQF = p— [+ k"] QF —en —knay;  (67)
% = a—-2bQF —bg—cx+bga—kn [QF —qa] — KR Q"

= a—2bQ% —bg—cy+bga—kngyv — K" Q"

= p—bQ" —cn +bga—kngy — k" QF
14



= p—[b+ k"] Q% —cn+bga —knan. (68)
(67) and (68) imply that (60) can be written as:
p—[b+k Q" —cy—kyay <0 < p—[b+ k"] Q" —cn+bga — knan
& [b+ k"] Q% +en+hvay —bga < P < [b+E] Q% +en+hnan. (69)
(62) and (65) imply:
p < [b+EY ] Q% +en+knan

l[a—p]lb+k] —b[p—c]

& [b+ kT b5 ] +en
kalb+k][la—p]—bka[p—c]—b[b+k][cny —cal _
+hy = o+ ] oy o sz
- [b—f—kR} a[b+k‘]b—[g;£L2]i)]+k]+bc+CN
kalb+kla—pkal2b4+k]+bkac—b[b+Fk]|[cy —cal _
Ry bb+ k) [Fn + ] =7
alb+ k] +bc kalb+kla4+bkac—0b[b+k][cny —cal
o (o] oy fenthy = 500 1 £ T+ Fr] :
__ knka[2b+ K] _[2b4+ k] [b+ k]
2p+pb[b+2][m+m] P k]
r1 alb+k]+bc kalb+kla4+bkac—0b[b+k][cny —cal
o (o] oy fenthy = 5001 1T Fr] :
_ knka[20+ k] [2b+ K] [b+ k7]
2 P | U ST K T £ k] b[b+ K]
& [b+kE)[a(b+k) +be] [k +kal+enb[b+k] [y + ka]
+ kn[ka(b+ k)a+bkac—b(b+Ek)(ey —ca)l
> 5 [b(b+k) (ky +Fka) + kyka (2b+ k)
+ (kny +ka) 2b+ k) (b+ k)] = pDs. (70)

The last equality in (70) reflects (8). (70) implies:

p < [b+E"] Q% +en+kvan

15



Di3{[b+kR}[a(b+k)+bc][kN+kA]+ch[b+k][kN+kA]
bk [ka (b k) a+bhac—b(b+k) (ex —ca)]}
& p < Dig{[b—i-kR][a(b—i-k)—i-bc][kN—i-kA]+CNb[b+kH/€N+kA]
+ knvkalb+Ekla+bkykac—Eknyb[b+k][cnh —cal}
e p< Dig{[bMR][a(b+k)+bc][k»N+kA]+ch[b+k]kA
i ka b4k atbhakyctkybb+k]ca
+ knkalb+Ek]a+bkakyc+kyb[b+k]ca}
s p< Dig{a[bw][(b+kR)<kN+kA>+kaA]

+ C[b(/{?N—i-k?A) (b—FkR)—f-bkAkN} +CNb[b—|—]€]]€A—|—]€Nb[b+k]CA}

e p< Dig{a[bw] [(b+ k) (ko + ka) + oy a |

+ be[(ky +ka) 0+ k") +kaky] +enb[b+k]ka+knb[b+k]ca}
s p < Py (71)
(62), (64), and (65) imply:
b+ k) Q% + ey +hvay —baa < P

a—pllb+k]-b[p—c]

& [b+E] [ bTb k]

+cn
kalb+k][la—p]—bka[p—c]=b[b+k][cny —ca]
b[b+k|[kn + kal

blb+k][ey —cal+Ekyla—pl[b+Ek]—bkn[p—c]
b[b+k][ky + ka]

+ kn

— b <P

b+k]—p[2b+k:]+chr
b[b+ k]

& [b+ K] of

kalb+kla—pha[2b+k]+bkac—b[b+k][cy —ca]
Db+ k] [ky + ka]

+ kn

16



blb+k][en —cal+knalb+k]|—phkn[2b+k]+bknc <7

-0 blb+k][ky +Fkal

b+k|+bc kalb+k]la4+bkac—0b[b+k][cy —cal
& b+ kT a[— k
bR e e R IERIETN

blb+k][ecy —cal +hyalb+Ek]+bkyc

Bk b[b+Fk|[ky +kal

[knka—knb][2b+k]  [20+k][b+ k7]

D Y Ty Y ey Y R R Yy

b+k|+b kalb+k bkac—0blb+Ek —
o Thypn] aloEklEbe k(b kot bhac—b[bt K] [ex  cal

b[b+ k] b[b+ k] [ky + kil

blb+k][ecny —cal +kvalb+ k] bknc

-0 b[b+k][kn +ka]

[knka—kyb][2b+K]  [2b+K] [b+ k"]

< P T R e + k) blb+ k]

o [b+ k] [ab+k) +be][ky+kal+enbb+k] [ky + ka
+ ]fN[k‘A(b—Fk')CL—Fbk‘AC—b(b—l-k)(CN—CA)]
—b[b(b+k)(en —ca)+hya(b+k)+bkyc]

< pb(b+Ek)(kny +ka)+Ey(ka—0)(2b+k)

+ (ky +ka) 20+ k) (b+E")] = pD,. (72)

The last equality in (72) reflects (7). (7) and (72) imply:

[b+ "] Q" +en +hvgy —bga < P
1

& p > oA [b+ R ] [a+k) +bel[ky +kal +enb[b+ k] [ky + ka)
2

+ kn[ka(b+k)a+bkac—b(b+k)(cy —ca)l

— b[b(b+k)(cn —ca)+knva(b+k)+bkncl}

o B> Di{a[(bH;R)(b+k)(kN+kA)+kaA(b+k)—b<b+/<;)k:N}

2

+ c[b(ky +ka) (b+E") + bkaky — bky |
+ enb[b+E][ka—b]+0[ky+0][b+Fk]ca}



1
& P> H{a[bﬂc] [ (b4 k) (kn + ka) + kn ka — bk |
2

+ cb[(ky +ka) (b+ k") +kaky —bky ]

4 enbb+k][ka—b]+blky+b][b+k]ca} = Ps.

(7), (8), (67), (68), and (71) imply:
D2 = [b+/€R] Qf +cn + kngy —bga and

]53 = [b"‘k}R}QR"‘CN‘f‘quN.

(73) implies that p, < ps because g4 > 0 when p > p,. O

Lemma A4. Suppose p > ps. Then in equilibrium:

1

“w = 5 [a—cal[20k+2bky + 20k + kky + k k™ + 307 ]

— la—cn][20k+2b0k" + kK" +30°] —bky[a—c]};
N = Dig [a—cn][20k+2bka+ 20k + kka+kk™ +30]

— la—cal [2bk+20k" + kE"+30* ] —bkala—c]};
q = Dig [a—c][2bka+2bky + kakn + ka k™ + ky k7]

— bkala—cy]—bky[a —ca]}; and

OF = gutaqy = Dig (@ —calky [204 K]+ [a — x| ka 204+ K]
— blka+kn|[a—c]}

where D3 is as specified in (8).

Proof. (4) implies that when the price cap does not bind, [P-R] is:

.. k
Maximize [a—b(qA+qN+q>HQA+QN]_CAQA__A[QA]2
qa,aN 2
k kR
— CNgN — 7N[CIN]2_ T[QA-FQN]Q-

Differentiating (78) with respect to g4 provides:

a—blga+tav+q]l—blga+an]—ca—kaga—Ek"[ga+qn] = 0

S a—blgyv+q]—bagy —ca—Kkfqy = qA[Zb—I—kA—I—kR]

(73)

(74)

(78)

18



a—ca—[2b+ k%] qv —bg

< a 20+ ko + kB (79)
Corresponding differentiation of (78) with respect to gy provides:
a—cy—[2b+k"]qa—bg
= . 80
in 2b + iy + kP (80)
(32) implies: Ca-c b . s
VN
Definitions. K4 = 2b+ks+ k% and Ky = 2b+ ky + k. (82)
(79), (81), and (82) imply:
_a—ca [2b+kR]QN_i a—c—>b(qa+qn)
“ = K, Ka K 20+ k
b2
1 — -
- ‘“{ [2b+k:]KA]
_[2b+k][a—ca]l = [204+KR][2b+ k]gy —bla—c] + D7 qn
B (204 k] K4
N [20+ k] Ka—V?
W20+ k) Ka
B [20+k][a—ca]l—bla—c]— ([20+kR][2b+ K] — %) qn
B [20+ k] Ka
N _ [2b+k][la—ca]—bla—c] B
qa = Da Da gn
where Dy = [2b+k]Ks—b® and B = [2b+ k%] [2b+ k] — %, (83)

(80) — (82) imply:

a—CN [2b+kR]QA_ b [a—c—b(ga+aqn)
2b+k

=T K K

b2
” QN[I_[%M]KN}

[(2b+k][a—en]— [20+ k] [2b+k]ga —bla—c]+b%qa
[2b+ k] KN

[2b+k]KN—b21

~ QN{ (26 + k] Kn
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[2b+k][a—en]—bla—c]— ([2b+ k] [20+ k] —b%) qa

B [2b+ k]| Ky
[2b+k][a—cn]—bla—c] B
= = _
qnN Dy Dy qa
where Ky = 2b+ky+ k% and Dy = [2b+ k] Ky — 2. (84)

(83) and (84) imply:

[2b+klla—cal—bla—c] ([2b+k][a—cy]—bla—c]—Baqa}

44 = D " DaDn
B2
1— = 20+ k| D — —bD —
= qA{ DADN:| DADN{[ +k]Dy[a—ca] ~Nla—c]

— B[2b+k]Dyla—cy]+bBla—c] }

= qa|DaDy—DB*] = [2b+k]|Dy[a—ca]l+b[B—Dy][la—c]
+[2b+k]Bla—cn]. (85)
(83) and (84) imply:
DaDy—B* = [(2b+k) K1 —0?] [(2b+k) Ky —0*] — [ (2b+ k%) (2b+ k) — b*]”

= [2b4 k] KaKy — 0 [20+ k] K4 — b2 [2b4 k] Ky + b*
— 204+ kP [204+ K]+ 207 [2b+ k] [2b+ k7] — b

= [2b+ k] {[20+ k] Ka Ky — b [Ka+ Ky ] +20° [20+ k"]
— [20+ k] [2b+ k7)) (36)

(82) implies that the term in {-} in (86) is:
[2b+ k] [2b+ k" 4+ ka] [2b+ kT +ky] — 0% [4b+ ka+ ky + 2k ]

+ 207 [2b+KR] — [2b+ k] [2b+KR]
= [2b+k]{[2b+kR]2+[kA+kN][26+kR}+kAkN}
+ 202 [20+KR] — [2b+ K] [2b+ K7]" =02 [2 (20 + E7) + ka + k]
= [20+ k"] {[2b4 k] [ka+kn]+2b° = 20" } + [2b+ k] kakn
+ [2b+ k) kaky —b° [ka + ky ]

20



= [ka+kn]{[20+k][204+K"] —0*} +[2b+ k] kakn

I
= [ka+kn]{[20+Kk][b+E"] +b[2b+Kk] =0} +[2b+ k] kaky
I

= [ka+kn]{[20+k][b+E"] +b[b+ K]} +[2b+k]kaky = D3.  (87)
The last equality in (87) reflects (8).
(82) and (84) imply:
Dy = [2b+Ek][2b+kn+ k7] =0 = 2b[20+ k] —0*+ [20+ k] [kn + k7]
= 3V +2bk+ [2b+ k] [ky + £7]. (88)
(82) and (84) imply:
B—Dy = [2b+k][2b+K"] —0* = {[2b+ K] [2b+ ky + 7] — 07}
= [2b+k][20+ K" —20—ky — k"] = — [2b+k]ky. (89)

(83) and (85) — (89) imply that (74) holds. Furthermore, (74) and the symmetry of g4
and ¢y in the analysis imply that (75) holds.

Observe that:
307+ 20k + [2b+ k] [kn + K] = [(20+ k) (20 + k) — b* ]
= 40+ 20k + [2b+ k] [ky + K" — (20 4+ k") ]
= 2b[2b+ k] +[2b+k]|[kn —20] = [2b+ k]kn; and
30°+2bk+ [2b+ k] [ka+E"] = [(20+ k) (20 + k7) — b* ]
= 40 +2bk+ [2b+ k] [ka + K" — (20 + k) ]
= 2b[2b+ k] +[2b+k][ka—20] = [2b+Fk]ka. (90)
(74), (75), and (90) imply that Q% = g4 + qu is as specified in (77).
(77) and (81) imply:

[a—c]Ds
[20+ k]| D3

b
_[2b+k:]D3{[

q:

CL—CA]/{JN[Qb—i‘k]—f—[CL —CN]/{JA[2b+]€]

— blka+kn]|[a—c]}
1

= m{[a—c] [D3+b2(l€A+/€N” —[2b+k]|bkala —cn]
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— [2b+k]bky[a —cal}. (91)

(8) implies:
Ds+b° [ka+ky] = [2b+k]kaky + [ka+kn][0°+0(b+k)+ 20+ k) (b+ k") ]

= [2b+k]kakn+ [ka+ky][20°+bk+20> + 20" + bk + k k"]

= [2b+k]kakn+ [ka+ky][40° +20k +20k" + kK™ ]

= [2b+k]kakn+ [ka+ky][20(2b+ k) + K" (2b+ k)]

= [20+ k] {kakn+[ka+kn][20+K"]}. (92)
(91) and (92) imply that ¢ is as specified in (76).
(74) — (76) imply:

P(Q) = a—b[qa+qy+q]

:a—Dig[Bl(a—cA)+B2(a—cN)+B3(a—c)] (93)

where By = ky[b+k]; By = ka[b+k]; and
By = [b+ k"] [ka+kn]+kaky. (94)
(93) implies:
PQ) =
(94) implies:
Bi+By+ By = [ka+kn|[b+k]+ [b+E"] [ka+kn]+kaky

[Dg—b(Bl+BQ+Bg)]a—i—bBch—l—ngcN—l—ngc
Ds '

(95)

= [2b+k+ k"] [ka+kn]+kakny.
(8) and (94) imply:

D3 —b[B; + By + B3]

= b[b+k][ky+kal+hknkal2b0+k]+ [kn+kal[2b+k][b+E"]
—b[204+k+ k"] [ka+kn]—bkyka

= b[b+k|[kny+kal+knka[20+ k] + [kn+ka] [20°+kb+2E"0+ Kk k™)
— [20° + kb+0k™ ] [ka+kn] —bky ka
= b[b+k]|[ky+kal+knkalb+k]+ [ky+ka] [0E" +EE"]

= b[b+k][ky +hka]+Enka[b+k]+E[ky +kal[b+ k]
292



= [b+ k] [b(ky + ka) + kn ka+ k7 (ky + ka) ]
= [0+ K] [(b+ER) (by +ka) +knka]. (96)
(94), (95), and (96) imply that the price cap does not bind if:

a[D3—b(B1+ By+ Bs)|+bBica+bBycy +bBsc

P> D,
_ Dig a[b+ k][ (b+ KR (ky + ka) + ki ka] +0[b+ k] ky ca
+ b[b+klkaen +be[ (04K (ka+ky) +haky]}
= 5 LB+ Rt be] [(b+ ) (ko + ba) + o

+ blb+k)kyca+b[b+k]kacy} = ps. (97)

The last equality in (97) reflects (8). O

Definitions

qa1(p1), qn1(p1), and q1(p1), respectively, denote the values of g4, qn, and ¢ specified in
Lemma Al, where p < p;.

qa2(P1), qn2(p1), and qa(p1), respectively, denote the values of g, gy, and ¢ specified in
Lemma A2, where p € (1, P2 .

Lemma A5. lim ga2(p) = qai(p1), ﬁlLH%1 qn2(P) = qn1(P1), and  lim g2(p) = q1(py).

pP—p1 pP—p1

Proof. (11), (12), and (19) imply that when p < p;1, qu, ¢, and g4 are determined by:

orlt R
_5qN = a—2bgy —bg—cy —kngy —ETqgy = 0;
0
0_7(; = a—bgv—2bg—c—kq = 0;
aR
ga = 0; and aﬂz = p—ca—bgy—kfgy < 0. (98)

(19) implies that the weak inequality in (98) holds as an equality when p = p.

(25), (26), and (32) imply that when p € (p1, p2], qn, ¢, and g4 are determined by:

onlt R
. = a—2bqy —bq—bga—cn —kygy — k" [qnv +qa] = 0;
an

0

9 _ a—bgy —bgas—2bg—c—kq = 0;

Jdq
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or"
0qa

= G—ca—kaqa—bay — Kk [qn +qu] = 0. (99)

(6) and (25) imply:

1
7111’1;1 qu(ﬁ) = 5{[3b2+2b(/{7+kN+kR)‘l’/{?(k’N‘f‘k’R)}[]_91—CA]

pP—p1

+ b[b+k ) [a—c]—[2b+k][b+ k"] [a—cn]}

— %{[3b2+2b(k;+k:N+kR)+k(k?zv+’fR”

[a—cn][2b+ k] —bla—c]

. R
DR o0 oy + R (204 k] =

+ b[b+ k] [a—c]—[20+k][b+E"] [a—cn]}

= %{[bwﬁ} [a—cn][2b4+k] —b[b+E"][a—c]

+ b[b+ k" [a—c]—[2b+k][b+E"][a—cy]} = 0.  (100)
(100) reflects the fact that:
[2b+kn + k7] [204+ k] —b° = 30> +2bk+ [kR + K] [2b+ K]

= 30+ 2b[k+ky+ k"] +k [ky + £

(100) implies that lim ga2(p) = ga1(p1). The equations in (99) coincide with the equa-
pP—p1

tions in (98) when p = p;. Therefore, because (20), (21), and (23) imply that ga, qw,
and ¢ are continuous functions of p, lim qa2(p) = qa1(p1), lim qna(p) = qni(p1), and
p—p1 p—p1

lim ¢(p) = q1(p1). O
pP—Pp1

Lemma A6. 0 < p; < p2 < P3.

Proof. The proof of Lemma A3 establishes that p, < ps. From (6):

_ Ja—cn][2b4+ k] —=b[a—c] R
PU= (30 kot KR [20 1 k] B2 [b+E"] +ca > 0. (101)

The inequality in (101) holds because [a —cn][20+ k] —b[a —c] > 0, from (3).

To prove that p; < po, let Q1(p) denote the value of Q(p) specified in Lemma A1, and
let Q2(p) denote the value of Q(p) specified in Lemma A2. Lemma A5 implies:

Q1(p1) = Q2(p1)- (102)

Lemma A2 implies: B _ _ _
p < P(Qp)) < P < Pa2. (103)
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(102) and (103) imply that if p; < P(Q1(p1)), then:

po< P(Q:pr)) & D < Do (104)
The first inequality in (104) holds because (102) implies that P(Q1(p1)) = P(Qa(p1) ). The
equivalence in (104) reflects (103). (104) implies that to establish that p; < ps, it suffices
to show that p; < P(Q1(p1))-

(6) implies:

[a —en][2b+ k] —bla—c]
(20 + ky + kE][2b+ k| — b2

1 = €4

[0+ k"]

1
20+ ky + ER][20+ K] — b2

Aea[@b+ky+E") 2b+k) =0 +[a—cn][2b+ k] [b+ k7]
—b[b+k"][a—c]}. (105)
Recall from (15) that when g4 = 0 and the price cap binds, the equilibrium price is:

la—c][b+kn+ k%] +[a—cn][b+ k]

P(@Q) = a—blg+an] = a—b [2b+ ky + KR [2b+ k] — b2

1
[2b+ ky +ER])[20+ K] — b2

A{al(2b+kn+E) 20+ k) = 0] —bla—c][b+ky + k"]
—bla—cy]|[b+Ek]}. (106)

(105) and (106) imply that p, < P(Q) if:
al(2b+ky+k") 2b+k) =] —bla—c|[b+kn+k"] —bla—cy][b+E]
> ca[(2b+ky +E) 20+ k) —0°] + [a—cen][20+ k] [b+ k7]
—b[b+ k"] [a—c]
& la—cal[(2b+ky +E7) 20+k) —b*] —bla—cky
—la—cen][(b+K) b+ (2b+k) (b + kF)] > 0
& Ja—cal [2bk+2bky + 20k + kky + kE" 4307
—bkyla—c]—la—cn][20k+20K" + kK" +30°] > 0
& ey —cal [20k+ 20k + kKT +307 ] +ky[(a—ca) b+ k) —b(a—c)] > 0.

The inequality here holds because ¢y > ca, by assumption and because (3) implies:
25



kal(a—cn)(2b+k)—b(a—c)] > [exn —cal[2bk+ 20k + Kk k™ +30%]
= |a—cn][2b+k]=bla—c] > 0 = [a—ca][2b+k]—bla—c] > 0. (107)

The last two inequalities in (107) hold because cy > ca, by assumption. [ B

Proposition 2. In equilibrium, for p € (pa2,P3), dq—g <0, ﬁ’—g <0, j—% >0, % <0,
and L —1
p :
Proof. (57) implies:
dp b[b+k|[kn+Fkal '
d k
day _ Alb+E]+bky < 0. d_‘i _ 1 0
dp b[b+k][kn +kal dp b+k
dQ 1 dP(Q) 1
o 2 <0 el ZAN A S
ap » S0 T Tap b

Proposition 3. For p € (p2,p3): (i) V(D) is a strictly concave function of D; (ii) _8\(;(5) §

0<Dp z Py where Py,ny € [ Do, D3); and (i) Py, = Do if @1 > 0, whereas Py, > Py

if @1 <0, where
2

2b+k

P, = [kR+ }[kA+kN]A+2b[b+k]cA[kN+b]
+ [20(b+k)ey + Aky][ka—b] where A = a[b+k]+bc. (108)

Proof. (62) implies that for p € (p, p3), R’s revenue is:

v _Ja®+Ek)+bc—p(20+Fk)]  la(b+k)+bc]p—[2b+Ek]p°
Vip) = p[ b[b+ k] - b[b+ k] - (109)
The value of p at which V(p) in (109) is maximized is determined by:

o _ alb+k]+be

alb+k]+bc—2[2b+k]p =0 = p = 220+ k] - DVaM - (110)
From (8):
a0 +E) +be] [ (0+ER) (ky +ka) +knka] +ben [b+E]ka+bky[b+k]ca
bs = b[b+ k] [ky+kal +hknka[20+ k] + [ky +ka][20+k][b+ KkE]

26



[(b—FkR)(/ﬁN—f-kA)—FkaA} a[zrb—li]]j]bc—f—CN /CA‘F/CNCA

= . 111
kv +ka+ [(b+ k) (by + ka) + by ka] 2o i
(110) and (111) imply that py, < ps if:
alb+k]+bc
alb+k]+be _ Hb+kRMkN+kA%+MMm]Jﬁﬁ%ﬁwwka+qu  112
2(2b+ k] kv +ka+ [(b+kR) (ky +ka) + by ka] 15y
The inequality in (112) holds if:
alb+k]+bc
[(b+ER) (ky +ka) + kv ka ] “hrpthte alb+k]+be (113)
kN+kA+[w+wﬂ)@N+kAy+mﬂuh%§% 2[2b+ k]

Define z = [(b+ k%) (ky +ka) + kn ka | b[b—1+k} Then the inequality in (113) holds
zla(b+k)+bc] - alb+k]+bc
kny +ka +2[2b+ k] 2[2b+ k]

z 1
kvt ks +2[201 k]  2[2b+ K]

& 22[2b4+ k] > ky +ka +2[2b4+k] & [2b+k]z > ky +ka

20+ k
b+ kR) (ky +k knka] —— > ky + k
S [(b+E") (ky+ka)+ NA]Mb+M > ky +ka
[2b+ k] [b+ k®] 2b+k
kn +kal+hnka | ——— kn + k
< blb+ k] [kn +ka]+Enka b6 + ) > RN + K4

20+ k] [b+ k"] —b[b+ k]
b[b+ k]

2b + k
b(b + k)

[kN+kA]+]€NkJA|: } > 0. (114)

The inequality in (114) always holds because:
20+ k] [b+ k"] —b[b+ k] = 2b° +20k" + bk + kK" —b° — bk
= b +2bk" + kK" > 0.
(114) implies that py,y < Ps.

(109) and (110) imply that for p € (p2,p3), V(p) is a strictly concave function that

attains its maximum at py; . Therefore, 8%(; ) <0 for D€ (Pvam, P3)-

(7) and (110) imply that ps > Py, if and only if:
1
bbb+ k] [kn +kal+ [kaky —knd][2b+Kk]+ [ky +ka][204+ K] [b+ kR]

ALb+Ek)a+be] [(b+ k") (ky +ka) + knka — bky ]
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=

+ b[b+k]|[ka—blen +b[kn +b][0+FK]cat
alb+k]+be
2[b+ k]

1
%?ﬁWkN+kAP+HmkN—*Wb]+[hV+kAHb+kR]

A2[(b+k)at+be] [ (0+K7) (ky +ka) +hnka —bhy]
+2b[b+k][ka—bleny+2blky+b][b+k]ca}
> alb+k]+bc

2[00+ k)a+be] [ (b+E") (ky +ka) +knvka—bky] +2b[b+k][ka—b]cy
+ 2b[kn +b][b+Ek]ca

b[b+ k]

[kn +kal+[a(0+k)+be][kakn —bky]
+ [a(b+k)+bec][ky+kal[b+ k"]

[((b+k)a+be] [ (b+k") (ky +ka) +kyka —bky ]| +2b[b+ k] [ka —b]en

b[b+ k]

+ 2b[kn+b][b+k]ca > [a(b+k)+bc] T

[kN—l-k’A]

b(b+ k)
20+ k

[(b—i—k)a—i—bc]l(b— +kR>(]€N+]€A)+kN]€A—b]€N:|

+2b[b+k][ka—Dblen+2b[kn +b][0+k]ca > 0

20 + kb b(b+Fk)
2b+k 2b+k

[(b—i—k)a—l—bc]{( +kR)(kN+kA)+kaA—ka}

+ 2b[b+ k] [ka—blen+2b[ky +b][b+k]ca > 0

b2
2b+k

[(b+k)a+bc]{< +kR>(kN+kA)+kaA—ka]

+20[b+k][ka—blen+2b[kn+b][b+Ek]ca >0

[

ub+kga+bc]{< b

2b+k+%ﬁ>%N+k@+%ka—bh{

+2b[b+k][kacn +knca—blexy —ca)] > 0
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(b+Ek)a+be
2b+k

} [ (0 + K" [20+k]) (ky + ka) + knka (2b+ k) —bky (20 + k) |

‘|‘Qb[b—Fk][kACN—i—k’NCA—b(CN—CA)] 20 (115)
Observe that:

[0+ K" (2b+ k)| [kny +kal+knka[20+ k] —bky [2b+ k]
= 0 [ky+kal + KT (204 K] [ky +ka]l +ky[20+Kk][ka—b]
= U [ky+kal = b[2b+k][kn+ka]l +b[2b+Fk][kn + ka]
+ KP[2b+ k] [kn +kal+kn[2b+ K] [ka — D]
= —b[b+k][kn+ka]l+ [b+E"][2b+K] [k +ka]+ky[2b+K][ka—D]
= —2b[b+k][kn+ka]l+ Ds. (116)
The last equality in (116) reflects (7). (115) and (116) imply:
Py > Puu & By > 0,

(b+Ek)a+be
2b+k

+ 2b[b+k][kacy +knca—b(eny —ca)l. (117)

where @, = { }{D2—Qb[b+k][l€N+k‘A]}

(7) implies:

Dy —2b[b+Ek][kn+ka] = —b[b+k]|[kny+Eka]l+Ekn[ka—0b][2b+F]
+ [2b4+ k] [0+ K" ] [kn + ka]

= [ka+kyn][20°+20k" + bk + kK" =0 —bk] +ky[ka—b][2b+ K]
= [ka+ky][D?+20k" + kE" ] + kn [ka —b][20 4 K]. (118)
(118) implies:

[(b+k‘)a+bc

bk ][D2—2b(b+k:)(k:N+kA)]

_ {(b—;?—ﬁzbc][kA—{—kN][b2+k‘R(2b—|—k‘)]—l—[(b—l—k‘)a—l-bc]/fN[k'A_b]- (119)
(108) and (119) imply:

o, = 2b+k[k:A+k:N][(b+k)a+bc]+kR[kA+kN][(b+k)a+bc]
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+[(b+k)a+bclky[ka—b]+2b[b+k]en [ka— D]

+2b[b+k]calky + 0]
2

2b+k

= {kR+ }[k;A+k;N][(b—i—k’)a—f—bc]+25[b+k]CA[kN+b]

+{2b[b+klen+[(b+Ek)a+bclky}[ka—0] = ;. N

Proposition 4. p; — P, increases as: (i) ca, ka, or kTt declines; (ii) ¢ or cy increases; or

(#ii) kn increases if ka — b is sufficiently small.

Proof. (7) and (8) imply:
_ Ne o d 5 Ns
= — 1 e
b2 B T D b [2b+ k] ky

D,

where N3

la(+k)+be] [ (b4 k) (ky 4+ ka) + En ka ]

+ben|[b+k]ka+bky[b+Ek]ca and

Ny = [a(b+Fk)+bc] [ (b+k") (ky + ka) + ky ka ]
+ben[b+klka+bky[b+k]ca
— bky|a(b+k)+bc] =V [b+k]ey +0*[b+k]ca
= Ny—bky[a(b+k)+bc]—b*[b+k][cy —cal. (120)

To prove that % < 0, let g4(p) denote R’s equilibrium output using A’s input when
the price cap is p € [po,p3|. Let gn(p) denote R’s corresponding output when R does not

employ A’s input. Also let QF(p) = qa(p) + qn(p). (73) implies:

ps = [b+ k"] Q%(P3) + en + kn an(P3)
where, from (57):

N kA[b—i-/{Ha—ﬁg]—bkA[ﬁg—C]—b[b—i-k][CN—CA]
an(ps) = Db+ k] ow + Fal and

[b+k]la— ps]—b[ps —c]

(121)

(121) implies that gx(ps3) and Q(ps) vary with k% only through ps. Therefore, (121)
implies:
_ 0Q"(ps) Ops Oan (ps) Ops
= QFf b R = M Ay e TRV Y
Q" (ps) + [b+ k"] TR + ky T T

Ops3
o (122)
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(121) also implies:

an(ﬁg) _ kA[b—i-k]—i-bk}A ) < 0:
Ops blo+k][ky +ka] — ’
0Q%(ps3) 2b+k
L) 0. 123
Ops Db+ k] R < (123)
(122) and (123) imply:
aﬁS R/— R 6173 (9]73
SRR = Q"(ps) + [b+k }DRw%—kNDNakR

= 1 (b4 k%) Da— kv Dy ] = Q"7
Ops  _ Q"(ps)

— 0. 124
OkF ~ T—[b+ k%] Dn—knDy (124)

=

The inequality in (124) holds because Dy < 0 and Dy < 0, from (123).

(73) implies:
Py = [b+ kR] Q" (P2) + cn + kn qn(P2) — bqa(p2)

where, from (57):
blb+k][en —cal+knla—p][b+k]—bkn[p—c]

94(P2) = b[b+k][kn +ka] ’

i kalb+k][a— po] —bkalpa—c]—=b[b+k][en —cal .
v (p2) = b[b+k][kn + ksl  and
Q") — [b+k][a[;[lf?i]k—]b[p2—c]_ (125)

(125) implies that g4 (p2), gy (P2), and Qf(ps) vary with k¥ only through p,. Therefore,
(125) implies:

op2 g, Ry 0QF ( 2) OP2
dqn (P2) Op2 9q4(p2) Opa
k —-b . 12
N T, DR Ops  OKF (126)
(125) also implies:
0q4(p2) kv [b+k]+bky
= — = Dy < 0;
9ps blb+ k] [ky + k4] 4
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Oqn(p2) kalb+k]+bka

= — = Dy < 0;
Ops b[b+k][kn +kal N ’
0Q™(p2) 20+ k
- 22T pp<o0
Ops b[b+ k] r
(126) and (127) imply:
Op2 _ Opa Opa Ip2
KR QR(p2)+[b+k’R]DRW—!—kNDNw—bDA%
95
= 502 [1= (b+ k") Dr—kyDy +bDa] = Q"(72)
— R —
_ Ip2 o Q" (p2)

OkR 1 —[b+kR]Dr—kyDy+bDy’

(127) implies:
20+ k kn(b+Fk)+bky

—bDp+bDy = b[—Dr+ D4l :b[ -

b(b+k) b(b+k)(ky+ka)

b[2b+k _( kn >2b+k]
O Lb(b+k) kn+ka/) b(b+k)

o

> 0
b(b+ k) kny +ka

Because Dy < 0 and D < 0 from (127), (129) implies:
1—[b+k"|Dr—kyDy+bDs = 1—k"Dp—kyDy—bDg+bDy
> 1—k"Dr—kyDy > 0.
Because D4 < 0 from (127), (130) implies:
1—[b+ k"] Dr—kyDy > 0.
(128) and (130) imply:

ops Q" (p2)

ORF ~ T [b1 k"] Dn—knDn+bDs = O
(124) and (130) — (132) imply:
dps  Opa Q" (ps) Q" (p2)

okR  OkR

1—[b+kR]Dr—kyDy 1—[b+kE]Dr—kyDy+bDy

(127)

(128)

(129)

(130)

(131)

(132)

0
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QF(ps) Q" (p2)

 T_[b+ kR Dy —knDx ~ 1—[b+ kR Dp—ky Dy +bDa
R(p 1—|b+k% | Dr—kyD
& &) [ | Dr—hn Dy (133)
QR(pQ) 1—[b+l€R]DR—]€NDN+bDA
(62) implies that Q%(p3) < Q7 (py). Therefore:
Q" (ps)
— < 1. 134
QF(p2) ( )
Furthermore, because 1 — [b+kR] Dr —kyDyn +bD4s > 0 from (130):
L [b4 ) Dp—kxDy
1—[b+ kR Dp —kn Dy +bDy4
<~ 1—[b—|—k’R]DR—/€NDN > 1—[b—|—]{?R]DR—/{INDN—|—bDA
& Dy < 0. (135)

(127) implies that the last inequality in (135) holds. (134) and (135) imply that (133)
holds. Therefore, because ps > po > 0 from Proposition 1, (124) and (133) imply that

a(lg»k;@) <0.
To prove that 8(%36—;”_2) > 0, observe that (7) and (8) imply:
o blb+Ek][ka—0] Ops b[b+Fk]ka
= d = . 136
e Ds W Bex T Dyt bky[2b+ K] (136)
(136) implies:
Ops  Op2 _ blb+k]ka _ b[b+Fk][ka—0] >0
Ocy  Ocy  Dy+bky[2b+ k] D,
o ka - ka—0b
Dy+bky[2b+ k] Dy
~ ng‘A > [DQ-i—b/{JN(Qb—i-k')Hk‘A—b]
& Doka > Dyka—bDy+bky[20+Fk][ka—D]
& Dy—ky[2b+k][ka—b] > 0. (137)

The inequality in (137) holds because, from (7):
Dy —ky [2b+ k] [ka—b]

= bb+k][ky+Ekal+[2b+ k] ky[ka—D]
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+ [2b+ k] [kn +ka] [b+E"] —ky[20+ k] [ka —b]
= b[b+k|[ky+kal+[2b+K][kn+ka] [b+E"] > 0.
To prove that 8(%37;1’_2) < 0, observe that (7) and (8) imply:

Opy  blb+k][ky +Db] Ops b[b+ k] ky

den D e T Dyt bkn[2b k] (138)
(138) implies:
Ops  Opy _ blb+k]ky  b[b+k][kn+1D] <0
Ocy Oca Dy+bkn[2b+ K] D,
blb+k]kn - b[b+Ek][ky + 0]
Dy +bky[2b+ k] Dy
& bDy[b+klkny < [Dy+bkn (2b+k)|0[b+E][kn+ ]
& Doky < [Dy+bky (204 k)] [ky + D]
& Dokny < Dykn+bDy+bky[20+Fk][ky + D]
& Dy+kn[20+k][kny+Db] > 0. (139)
The inequality in (139) holds because, from (7):
Dy = b[b+k][ky+kal+[20+Kk]{ky[ka—0b]+ [kn+Eka][b+E"]}
= b[b+k][ky+ka]l+[20+ K] {ky [ka+ k"] +kas [b+E]} > 0.
To prove that 8(’5837;’52) < 0, we introduce the following:
Definition. Y} = b[b+ k| {kn[a(b+k)+bc— (2b+k)ca]
+ [exn —cal [b(b+ k) +2b+k) (b+ k)] }. (140)
Observe that:
Vi > 0. (141)

(141) holds because ¢y > ca by assumption, and (3) implies:
[a—ca][20+ k] —bla—c] > 0 = a[b+k]+bc—[2b+Fk]ca > 0.
(8) implies:

(D3)* g%i = Ds{[a(b+k)+bc|[b+ k" +kn]+b[b+k]cn}
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—{blb+k]+[2b+k] [kn+b+E"]}
A{la@+k)+be] [ (b+ &) (ka+ky) +kaky]
+ b[b+k][enka+cakn]}
= {la(b+k)+bc][b+k"+ky]|+b[b+k]cn}
Ab[b+ k] [ka+kn]+[2b4+ k] [kakn + (ka+Eky) (b+£5)] }
—{blb+k]+[2b+k] [ky+b+ k"] }
A{la@+k)+be] [ (b+E") (ka+kn) + kaky ]
+ blb+k][enka+cakn]}
= la(+k)+be][b+ kR +kn]b[b+k][ka+ky]
+ la(+k)+be] [b+E +kn][20+ k] [ (b+E") (ka+ky) + kaky]
+b[b+k]enb[b+ k] [ka+kn]
+b[b+klen[2b4+ k] [ (b+E") (ka+ky) + kaky ]
ab+k)+be][(b+KE") (ka+kn)+kaky]

[
—b[b+k b[b+]€][CN]€A+CAkN]

]
— b[b+k]
]
—[20+ k] [kn+b+ k"] [a(0+k)+be] [ (b+E") (ka+ kn) + kaky]
— (204 k] [ky+b+ER) b [b+k][cnka+caky] = ®. (142)
(142) implies:
® = [a(b+k)+bc|Pa+b[b+k]Dp (143)

where
Oy = b[b+E][b+ k" + k] [ka+ky]
+[20+ k) [0+ K+ kn ] [ (b+ &) (ka+ ky) + ka ki ]
—b[b+ k][ (b+ k) (ka + ky) + kaky ]

— [2b+ K] [b+ k" +kn ] [(b+ ") (ka4 kn) + kaky ]
= b[b+ k] {[b+ Kk +hy][ka+ky] = [(0+ k") (ka+kn) +kakn] }

= b[b+ k] {ky[ka+kn]—kakn} = b[b+k](ky)® and (144)
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Op = enb[b+Ek][kat+kn]+en[20+ k][ (0+ k") (ka+kn) + kakn ]
— b[b+k][enka+caky] —[204+k] [kn +b+ k"] [enka+caky]

= b[b+k]ky[ey —cal +[2b+ k] Do (145)

where
Oc = oy [(b+ k") (katky)+kaky] — [y +b+ k"] [enka+ caky]

= on [(b+ ") (ka+kn) +kaky —ka (ky +b+ k%) | = caky [y +b+ k"]

= enkn [b+ER] —cakn [ky +0+E"] = [b+E*] kn[en —ca] — ca(kn)®. (146)

(145) and (146) imply:

Op = bb+klky[en —cal +[20+E]{ [b+E*] ky[en —ca] —ca(bn)?}

= kylen —cal {0[b+k]+[20+ K] [D+E*] ) —[2b+K]ca (kn)? . (147)

(140), (143), (144), and (147) imply:

d = [a(b+k)+bc]b[b+Ek](ky)?
+b[b+k]ky[en —cal{b[b+ K]+ [2b+k][b+ k"] }
—b[b+k][2b+k]ca (ky)?

= b[b+k]kn{[a(b+k)+bclhky —[2b+k]caky
+ [en —cal[b(b+k)+ 2b+Fk) (b+E")]}
= blb+Ek]kn{kn[a(b+Ek)+bc— (2b+k)ca]

+ len—cal[b(b+k)+ 2b+Fk) (b+E") ]} = kyYr.  (148)

(141), (142), and (148) imply that §f = 33 > 0.

(7) implies:

(Ds)? g% — Dy {[a(b+k) +bc][b+k"+ky]+b[b+k]en )

— {b[b+k]+[20+ k] [ky +b+ K]}

- Alab+k)+be] [(b—f-k‘R) (k‘A—f-kN)—f-kAk‘N—bk‘N]

+ b[b+]€][CNU{IA—b)—FCA(k‘N—Fb)]}
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= {[a(@+k)+be][b+kF+hy]+b[b+k]en}
Ab[b+E][ka+kn]+[20+k] [kn (ka+E") +ka (b+E") ]}
—{b[b+k]+[2b+ k] [kn+0+E"] }
A{[a®+E)+bc] [ka(d+ky)+ k" (ka+ kn)]
+0[b+k][en (ka—b) +calky +0)]}

= la(+k)+bec] [b+E +kn]b[b+E][kn+ka]
+lab+k)+be] [b+ k" +ky]|[20+ k] [ky (ka +E") +ka (b+E") ]
+b[b+Ek]lenb[b+k][ky + ka]
+b[b+k]en [2b+ K] [kn (ka+ k%) 4+ ka (b+E")]
—b[b+k][a(b+k)+bc]|[ka(0+kn)+ k™ (ka+ k)]
—b[b+k]b[b+k][cy (ka—b) +ca(ky +D)]
— [2b4+ k) [kn +0+ K" [a(0+ k) +bc] [ka(b+kn) + & (ka + kn) ]
— [2b4+ k) [kn+b+ K] b[b+K][en (ka—b)+calky+b)] = F . (149)
(149) implies:

F =lab+k)+bc]F1+b[b+k]|F, (150)
where

Fi= [b+k"+kn]b[b+E][kn+kal
+ (204 k] [b+ k" +kn | [k (ka + %) + ka (b4 E") ]
—b[b+ k] [ka(b+kyn)+ k" (ka+ kn)]
—[20+ k] [kn + b+ k%] [ka (b+ kn) + K7 (ka + ky) |
= b[b+ k] [b+EF+kn] [y +kal = [ka(0+kn) + 57 (ka+kn)] }

= b[b—f-l{?]{[b—f-k’]\[][k’]\[—f—k,q]—kA[b—i-kN]} = b[b+l€][b+l€N]]€N (151)

and
Fo=blb+k]lkn+kalen+en[20+Kk] [k (ka+E") +ka (b+E") ]

—b[b+k]|[en(ka—Db)+ca(ky +0)]
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—[2b+ k] [kn + b+ k%] [en (ka — ) +ca (kn +b)]
= blb+k][en (ka+ky) —cn (ka —b) — ca(ky + )]
+ [20+k] {cn [y (ka+E%) + ka (b4 £7) ]
— [kn+b0+ k%] [en (ka —b) +ca(kn +b)]}
= b[b+k|[enkn+beny —ca(ky +0)]
+ [2b+ k] {en [ky (ka+ k%) — ky (ka — b) + ka (b+ £5)
— (ka—0b) (b+E")] —calky +b] [kn+b0+ k"] }
= b[b+k][kn(cn —ca) +b(eny —ca)]
+ 120+ k] {on [kn (b+ET) +b(b+ k™) | —calkn +b]ky
— calky+0] [0+ E"]}
= b[b+k][ey —ca][ky + 0]
+ [20+ k) {[cny —ca][kn +b] [b+ k"] —calkn +b]ky }
= b[b+k|[cy —cal[kn +b]

+ [2b+k‘][k‘N+b] [(b—i—kR) (CN—CA>—CAI{3N].

(140), (150), (151), and (152) imply:
Fo=1la+k) +bc]b[b+k][b+ky]ky
+b[b+k]{b[b+k][cny —ca][kn +D]
+ [2b+ k] [kn +b] [ (b+ k%) (eny —ca) —cakn]}
= b[b+Ek][b+kn]{kn[a(b+k)+bc— (2b+k)ca]
+ [exn—cal[b(b+E)+ (2b+K) (b+E%)]}
= [b+ky]Y1.

(141), (149), and (153) imply that o2 = % > 0.

(140), (142), (148), (149), and (153) imply:

0 (p3 — D2) _ Yll kn ]fN+b:|

Ok A (Ds)?  (Dy)?

< 0.

(152)

(153)
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The inequality here holds because: (i) Y7 > 0, from (141); (ii) kx < kn + b; and (iii)
D3 > Dy > 0, from (7) and (8).

To prove that (9(;(5937;@2) > 0 if k4 — b is sufficiently small, we introduce the following:
Definition. Ys = b[b+ k]| {kala(b+k)+bc— (2b+k)cn]
— len—cal [b(0+ k) + (2b+k) (b+ k") ] }. (154)

Observe that:
Yo > 0. (155)

(155) follows from (3) and (154) because:
alb+k]+bc—[2b+k]ley = a2b+k]—ab+be—[2b+k]cen
= [a—cy][2b+k]—b[a—c] and
bb+k]+[2b+k][b+Kk"] = P +bk+20°+20k" + bk + kK"

= 30" +2bk+2bk" + kK" = 307+ 20 [k+ K] + kKT
(8) implies:

(Ds)* g% = Ds{[a(b+k)+bc|[b+ k" +ka]+b[b+k]ca}

—{b[b+k]+[2b+k] [ka+b+E"]}
{la+k)+bc] [ (b+ &) (ka+ky) +kaky]

+ b[b—i‘k][CNkA—i‘CAkN]}

= {[a(b+k)+bc][b+ k" +ka] +b[b+k]ca}
Ab[b+E][ka+kn]+[20+k] [kaky + (ka+ky) (b+E") ] }
— {b[b+k]+[2b+k][kat+b+E"]}
Ala+k)+be] [ (b4 E") (ka+ ky) + kaky ]

+ b [b+]€][CNk'A+CAI€N]}
= la(+k)+bc] [b+E +ka]b[b+E][ka+kn]

+la+k)+be] [b+ kT +ka] [2b+ k][ (b+ k") (ka+ kn) + kakn]

+b[b+k]cablb+k][ka+kn]
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+b[b+k]eal20+ k][ (b+ k") (ka+ky) + kaky]
—b[b+k][a(d+k)+bc][(0+ k") (ka+kn)+ kaky ]
—b[b+ k)b [b+k][cnka+cakn]

— [2b+ k] [ka+b+E ] [a(b+k)+be] [ (b+kT) (ka+ k) + kaky |

— [2b4+ k] [ka+b+E" b [b+k][enka+cakn] = A. (156)
(156) implies:
A= Jab+k)+bc|]A+b[b+Ek]A, (157)
where
A = b[b+k][b+k +ka] [ka+Eky]

F (204 k) [D+ K+ k] [(0+K) (ka + kn) + kaky]
— bbb+ k][ (b+ER) (ka+kn) + kaky]
— [2b+ k) [0+ KR+ Eka] [(b+ER) (ka + k) + kaky ]
= b[b+E]{ [0+ K" +ka] [ka+hy] = [(b+KT) (ka+kn)+kakn]}
= b[b+k]{kalka+kn]—kakn} = b[b+k](ks)* and (158)
Ay = cab[b+k][ka+ky]+cal20+K][(b+ k™) (ka+kn) + kakn]

— b[b+k][enkatcakn] —[20+ k] [ka+ b0+ k"] [enka+ caky]

— —b[b+k]kalen —ca] +[2b+ k] As (159)

As = ca | (0+E%) (ka+kn) +kaky] — [ka+0+ K] [enka+ caky]

= ca [ (0+ ") (ka+kn) +haky —ky (ka+b+E%) | —cnka [ka+b+ k7]

= caka[b+E" ] —enka[ka+b+ k"] = — [0+ k"] kalen —cal—en (ka)?. (160)
(159) and (160) imply:

Ay = —blb+k]kaleny —cal = [2b+ k] { [b+E" ] kalen —ca] — en (ka)? }

= —kalen—cal {0[b+ k] +[20+ K] [b+K"]} —[2b+ K] cen (ka)® (161)
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(154), (157), (158), and (161) imply:

A= [a(b+k)+bec]b[b+k](ka)?
—blb+klkalen —cal {b[b+ K]+ [20+ K] [b+Ek"]}
—b[b+E][2b+k]ey (ka)?

= b[b+klka{la(b+k)+bclka—[2b+k]|cnka
— len—cal[b(b+k)+(2b+k) (b+ k%) ]}
= b[b+k]ka{kala(b+Fk)+bc—(2b+k)cn]

— len—cal [b(b+ k) +2b+k) (b+ k%) ]} = kaYs.  (162)

(155), (156), and (162) imply that g = 435 > 0.
(7) implies:

(Dy)? g% = Dy {[a(b k) +be] bkt ha—b] +b[b+E]ea)

—{b[b+k]+[2b+k][ka—b+b+ k"] }
{la@+k)+be] [ (b+E") (ka+kn) +kaky —bky]
+ b[b+k][en(ka—0b)+calkn+0)]}
= {[a(+k)+be] [+ ka] +b[b+k]ca}
Ab[b+E][ka+kn]+[20+k] [kn (ka+E%) +ka (b+E") ]}
—{b[b+k]+[2b+k] [ka+E"]}
A{[a®+E)+bc] [ka(d+ky)+ k" (ka+ kn)]
+b[b+k][en (ka—0b)+calky +0)]}
= [a(+k)+bc] [ +Eka]b[b+ k] [ka+ kn]
+ ab+k)+be] [+ ka][2b+ k] [k (ka + %) + ka (b+E") ]
+b[b+Ek]cablb+k][ka+ kn]

+o[b+k]ea[2b+k] [ky (ka+E) +ka (0+E") ]
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—b[b+k][a(b+k)+be][ka(b+ky)+ kR (ka+ k)]

— b[b+ k] b[b+k][cn (ka—b) +ca (ky +b)]

—[2b4+ k] [ka+ k"] [a(0+k)+be] [ka(b+ky)+ k" (ka+ kn) ]

— [2b4+ k) [ka+E"] b[b+ K] [cy (ka—D) +ca(ky+0)] = T. (163)
(163) implies:

I'' = [a(b+k)+bc]Fi1+b[b+k]F2 (164)
where

Ty = b[b+k] [E®+ka] [ka+ k]
+ (204 &) [K% 4 ka] [ky (ka + &%) + ka (0+ k)]
— b[b+ k] [ka(b+ kn) + k7 (ka + kn) ]
— (204 k] [ka+ER] [ka (b4 ky) + k7 (ka + kn) ]
= b+ k]{ [F+Ea] [ka+hy]— [ka(b+ky) + 5 (ka+kn)] }

= b[b+k]{kalka+kn]—kalb+kn]} = b[b+k]|[ka—b]ka (165)

and

Ty = b[b+k][ka+hkn]catcal20+k] [kn (ka+E") +ka(b+E")]
—b[b+E][cen (ka—b)+ca(kny +0)]
— [2b+ k] [ka+ k"] [en (ka—b) + ca (ky + )]

= b[b+k][ea(ka+ky) —cn (ka—b) — ca(ky +b)]
+[20+ k] {ca [y (ka+ k") +ka (b+ET) ]

— [ka+ k"] [en (ka—b) +ca(ky +)]}
= blb+k][ca(ka—b) —cy(ka—D)]
+ [20+ k] {ca[ky (ba+ k") +ka (b+E%) — (ka+ k%) (ky + )]

— CN[kA-l-kR} [ka—b]}
= —b[b+E][ka—b][cn —cal

+ [Qb—i—k] {CA[kA(b—f—]{R)—b(kA—i—kR)} —CN[]CA—FICR} [lﬁA—b]}
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—b[b—i‘/{?][/{?A—b][CN—CA]

[Qb—i—k]{CAk‘R[k‘A—b]—CN]{?R[]{?A—Z)]—CN]{?A[/{?A—Z)]}

[ka—b]{—0b[b+Fk][cy —cal = [2b+ k] k" [en — ca]

— [2b+k]kacn }
— [k?A—b]{[CN—CA] [b(b—i-k})

+(2b+k)E®] +[2b+ k] kacn }. (166)

(154), (164), (165), and (166) imply:
r

la(b+k)+bc|b[b+k][ka—Db]ka

—b[b+k][ka—0b] {[exn —cal [b(b+K)+ (2b+ k) k"]

+[2b+Ek)kacn}
b[b+k][ka—b] {[a(d+k)+bclka—[cy —cal [b(b+E)+ (2b+Fk) k"]
— [Qb—i-k]kACN}

[ka—b]b[b+ k] {kala(b+k)+bc— (2b+k)cn]

— lexn—cal[b(b+k)+(2b+ k) k"] }
[ka—0]Ys.

(167)
(163) and (167) imply that am [k’(*Dz)]2Y2 ; 0 & kg ; b.
(154), (155), (156), (162), (163), and (167) imply:
0(ps —p2) kya  ka—0b
=Y 2 2
Ok (D3)” (D2

> 0 if k4 — b is sufficiently small. (168)
To prove that M > 0, observe that (7) implies:
op b
Te = o LOHET) (hat k) + b (ks = 0)]
b

Dy [ka (0+E") +Eky (b+ K" +ka—b) ]

32 [ha (b k7)o (ka+ 6] > 0.

Furthermore, (8) implies:

(169)

ons

o {b[(b+kR) (ka+kn)+knkal}
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b R
= D—3[(b+k ) (ka + kn) + kn ka]

= Di[kA(b+kR)+kN(kA+kR+b)} > 0. (170)
3

(169) and (170) imply:

O(ps — P2) s kalb+ER] +ky[ka+kR+b]  ka[b+ k7] +ky [ka+ k"]

dc N D3 B D2 >0
ka[b+ K] +ky (KR +b+ka]  ka[b4+ k"] +ky [ka+ kY]
>
D3 D2
ka [b+ K] +ky [K®+b+4ka - ka [0+ k"] +ky [ka+ k]
Do+ bky [20+ k] D,
& 2+ bhn where Z = k;A[bJrk:R}JrkN[kAquR}. (171)

Dyt bky (201 K] ~ Dy

(171) implies:

3(1938—6—292) >0 & ZDy+bkyDy > ZDy+ Zbky [2b+ k]

& bkyDy > Zbky [2b+k] & Dy > Z[2b+k]

& Dy > [ka (b+ k") +ky (ka+ k%] [20+ k]

& b[b+k][ky+ka]l+ky[ka—b][20+Kk]+ [kn+kal[20+FK][b+ k"]
> [ka (b+ k%) +ky (ka+E%) ] [204 k]

& b[b+k|[ky+kal+kn[ka—b][2b+k]+ [kn+ka][2b+k][b+ k7]
> [(b4 k") (ka+kn) + ky (ka — )] [20+ k]

= b[b—f-l{?][l{?N—f—kA] > 0. N

Recall that welfare is:
W(p) = S(p)—d[Paa+t(a—blgat+av+ql)an] = S(p)—dV(p) (172)
where d > 0 is a parameter and S(-) denotes consumer surplus. The gross value that

consumers derive from () units of output is:

- P@QIQ+P@QQ = 3[a+P@]Q = slata—bQIQ = aQ 1 Q"
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Therefore, consumer surplus when the price cap is p is:

S(p) = aQ— o @~ Paa— P(@Q[av +1]. (173)

Lemma 1. For p € (pa,p3), S(P) is a strictly decreasing, strictly convex function of p.

Proof. (57) implies that when p € (P2, p3), so P(Q) = p:
il 9@ _ 1 (174)

Q=== % b

(173) and (174) imply that for p € (P2, p3), where P(Q) = p:

op  Op op op
— 5 29(n 1
S e ) (175)
b d(p) b

Lemma 2. V(p) < V(p3).
Proof. Lemmas Al and A3 imply that because ¢4(p1) = 0 and P(Q(p3)) = ps:

o . _la—cn][20+Kk]=b[a—c]
V() = pran(p) = M 90 ky K] (204 k] 5

V(ps) = ps Q"(ps) = ps bF k] [ab_[]Z:]_ ;]b P —c] : (176)

Definition. Dy = [2b+ky + k"] [20+ k] —b°. (177)

Because p; < ps, (176) and (177) imply that V(p1) < V(ps) if:

) = Lzl (20 zbloze] ”*’“”“b‘[fﬂ;f B =cl _ orep
alb+k]+ab—cn[2b+k]—ba+bc [b+k]a—[b+Fk]ps—bps+bc
Dn = b b+ k]
alb+k]+bc—cy[2b+ k] [b+k]a+bec—[2b+ k] ps
Dn = b bt k)

- 2
- a[b+k]+bg N 2O R) k) b4 kla—be < — [2b+k]py
N
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- alb+k]+bec al[bt+k]+bc—cn[2b4FK]

2b+ k 20+ k] Dy blo+k] > P
alb+k]+bc [a(b+k)+belb[b+k]—cy[20+Kk]b[b+ K] _
< T 20vk [2b+ k] Dy - b
& m{[a(b+k)+bc][(2b+k]v+k3) (2b+k)—b0>—b (b+ k)]

+oen[20+ k)b [b+E]} > P3

& m{[a(b+k)+bc] [(2b+ by + E7) (2b+ k) —b(2b+ k) ]

+en[20+ Kb [b+E]} > P3

la(b+k)+be][2b+ky +ER—b] +cyb[b+ k]

= > D
Dy ps3

la(b+k)+be][b+ky+k"] +enb[b+ k]
Dy

=

(8) implies:

la(b+k)+bc][(b+kR) (ky +ka) +knka] +ben [b+k]ka+bkn[b+E] ca
blb+k][kn+kal+knka[2b+F]+ [kn+FEka][20+ k] [0+ kF]

D3 =
(179)

As established in the proof of Proposition 4 (just below (148)), ps is increasing in k4.
Therefore, (179) implies that because k4 < ky by assumption:

[a(d+Ek)+bc)[2ky (b+ER) + (kn)?] +ben [b+ k] by +bky [b+ K] ca
2b [0+ k] ky + (kn)?[20+ k] +2kn [2b+ k] [b+ kR]

. (180)

(8) implies that ps is increasing in c4. Therefore, because ¢4 < cy by assumption, (180)
implies:
- la(b+K)+bc][2ky (b+EF) + (kn)?] +2ben [b+ k] ky
2b[b+ kky + (kn)® [20+ K]+ 2kn [20 4 k] [b+ kE]
la(b+k)+be][2(b+ k") +ky]+2ben [b+ k]
20 [b+ k] +ky [2b+ k] +2[2b+ k] [b+ kR

la(b+k)+be] [b+kE+5] +bey [b+ k]
blb+k]+ 5 [2b+ K]+ [2b+ k] [b+KkE]

[a(b+k)+be] [b+ kR +5] +ben [b+ k]
[2b+ k] [b+ KR+ 5] +b[b+ k]
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_ la(+ k) +be] [b+ K"+ 5 ] +bey [b+ k]
- [20+ k] [2b+ kR + B ] — 17 : (181)

2

The last equality in (181) holds because:

[2b+ k] {b+k’%+%N} +b[b+ k]

i 2
= [2b+ k] 2b+kR+7N —b[2b+ k] +b[b+ k]

i k
= [2b+k] 2b+kR+7N — 202 —bk+ b+ bk

= [2b4 k] 2b+kR+%N — v

(177), (178), and (181) imply that the Lemma holds if:

[a(b+k)+bc][b+ kR + 5] +bey [b+ k]
[2b+ k] [20+ kR 4 5] —p?

la(b+k)+bc][b+ k" +ky]+bey [b+ k]
[20+ k] [2b+ kB + ky] — b2 '

(182)

Alb+ kR +a] +bey [b+ k]

Definition. f(x) = 3 704 k7 2] — 12

where A = a[b+k]|+bc. (183)

(183) implies that (182) holds if % > 0. (177) and (183) imply:

agg) = {[2b+k][2b+K"+2] —0*} A

—[2b+ k] {A[b+ K" +a] +bey[b+ K]}
= A{[2b+k][2b+ k" 42— (b+ k" +2)] —0*} —b[b+k][2b+k]cn
= A{b[2b+k] ="} —b[b+K][2b+k]cn
= Ab[b+k]—blb+Ek][2b+k]ley = A—[2b+k]en
= alb+k]+bc—[2b+k]en > 0.
The inequality here holds because (3) implies:
[a—cn][20+Kk]—bla—c] > 0O
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= [a—cn]|[b+k]+bla—cy]—bla—c] > 0
= |a—cn][b+k]+blc—cn] > 0
= a[b+k]—cn[b+k]+blc—cy] > 0

= a[b+k]+bc—[2b+k]ley > 0. N

Proposition 5. p* € [p1,p2]-

Proof. Proposition 3 and Lemma 1 imply that W(-) is a strictly convex function of p for
D € (P2, p3). Therefore, p* ¢ (P2, p3). Lemma Al implies that W(p) = W (p) for all p < p.
Lemma A4 implies that W (p) = W(p3) for all p > p3. Therefore, p* € [p1,p2] U Ps -

It remains to show that p* # p3. The proof of Lemma 2 establishes that:

Q(m) < Q"(py) (184)
where Qf(p) is R’s total output when the price cap is p. Lemma A6 and Proposition 2
imply: - ~

Q" (ps) < Q"(p2) - (185)

(184) and (185) imply that Qf(p;1) < QF(p3) < QF(p2). QF(p) is continuous and monoton-
ically increasing in p for p € (p1,p2) (from Lemma A2). Therefore, the intermediate value
theorem implies that there exists a pr € (p1, p2) such that:

Q" (pr) = Q"(ps)- (186)
(12) implies that the rival’s output ¢ is determined by:
a—b[Q%(P)+q(@)] —c—ba(p) —ka(p) = 0. (187)
(186) and (187) imply: (5s) = alp). (188)
(186) and (188) imply:
Q(pr) = QPs) and P(Q(pr)) = P(Q(ps)). (189)

R’s revenue is:
Va(pe) = PE qa4(PE) + P(Q(PE)) 9n(PE)
< P(Q(pr)) qa(pr) + P(Q(PE)) qv(PE)
= P(Q(pr)) Q"(pr) = P(Q(ps)) Q"(p3) = Va(ps)- (190)

The inequality in (190) holds because pr < P(Q(pr)), since pg € (p1, p2). The penultimate
equality in (190) reflects (189). The last equality in (190) holds because P(Q(p3)) = ps.

(173) and (189) imply:
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S(pe) = aQ(Pe) — 3 Q(pr)’ — P(QE)) [abE) + an(Pr)] — PE qa(Pr)

b

> aQpr) — 5 Q(Pr)* = P(Q(Fr)) [4(Pr) + an(Pe) + 4a(Pr)]
= 4 QE) - 5 Q) - P@Q(PE) Qo)
= @ Qpr) ~ 5 Q) ~ P Q) Qps) = S(rs). (197)

The inequality in (191) holds because pr < P (Q(pg) ), since pr € (p1,p2). (190) and (191)
imply that consumer surplus is higher and R’s revenue is lower when p = pgr than when
p = p3. Therefore, W(pg) > W (ps), so p* # p3. A

Lemma 3. In equilibrium, for p € (p1,p2), if—g > 0, % <0, j—% <0 % >0, 9% >,
dP(Q)

andd—§<0.

Proof. (2) and (20) — (23) imply that for p € (py,p2):

dqs 3V +2b[k+ky +E%] +k [ky + k7]

a5 D > 05

dgy — b[b+2K"]+k[b+E"] “ 0. dQF  [2b+k][b+ky] = 0.

dp D Todp D :

dq b[b+ ky] dQ [(b+ k] [b+ky]

= = - . and — = . m 192
a7 D < 0; an i D > 0 (192)

Lemma 4. For p € (p1,p2): (1) V(P) is a strictly convex function of D; (ii) a\g_(g) S0
D § Pvym Where Dy, € [ P1,Dy); and (iii) Py, > Py if P2 >0, where
®, = {k"[2b+ k] [K"(20+k)+2b(3b+2k)]
+ ky[2b+ k) [K" 204+ k) + 0] 407 [50> +6bk+2k ]} cn
—{b[3b+2k] + [2b+ k] [kn +E7] } ca

—b [V —kky+ 20+ k)K" | [a(b+k)+bc] . (193)

Corollary to Lemma 4. 8‘3—@)
p

pP=p

< 0 if ® > 0.
1
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Proof of Lemma 4 and its Corollary.

Define:

Va(P) = qaa(p) B + ana(P) P(Q2(P)) (194)

where q12(p) and qn2(p) are as defined in (20) and (21), respectively. Observe that Va(p) =
V(p) for p € [p1, P2].
Because P(Q2) = a — bQ2, (194) implies:

ar/z(ﬁ) 0qa2 Oqna 0Q

- 5 P(Qy) TIN2 gy 22 1
op qaz + P % + P(Q2) p ban2 9 (195)
(2) and Lemma A2 imply:
2 2 2 2
0 q_A22 = 0 q_NZ = 0 ?22 = 0 6_222 = 0. (196)
9 (p) 9 (p) d(p) d(p)
(195) and (196) imply:
0*Va(p) _ 0qa2 | 0qas 0Q2 Oqna dqn2 0Q2
—~ = o+ —— — b —— = —bh —— -
d(p) op op op  Op dp Op
dqa2 Qs Jgn2
= — == ) 1
e (197)

The inequality in (197) holds because D > 0 by assumption, so 83—32 > 0 from (20), a(%) >0
from (24), and 8%—1;2 < 0 from (21).

Prym = argmin { Va(p)} is unique and is determined by:
p

WalBrm) _ OVa(p)
om . op

~ 0. (198)
ﬁ:ﬁVQ’m
This is the case because (2), (20) — (24), and (195) imply that %}gﬁ) is a linear function of
p. Therefore, ‘72(]5) is a quadratic function of p. Consequently, (197) implies that ‘N/g(ﬁ) has
a unique minimum that is determined by (198).

To prove the Corollary to Lemma 4 and thereby establish that py,,, > p; when ®; > 0,
observe that R’s revenue is:

V(p) = paa+PQ) av = paa+[a—bQ]qy. (199)
(199) implies that the Corollary to Lemma 4 holds if:
"V (p1) _ 0qa Q) dqn
— = — —b—= P — < 0 200
op qa+p 9 o gy + P(Q) op 5 (200)
where: (i) aﬂg}gp )= a%;(ﬁ ) . denotes the right-sided derivative of V'(-); (ii) 88%‘, %’—g,

and %—g pertain to the quantities identified in Lemma A2 (which prevail when p € (py, p2));
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and (iii) ga, qn, and @ are as defined in Lemma A1l.

Define:
e E = 2b[2b+k]+ [ky + k7] [2b+ k] — 2

= 30’ +2bk+ [kn + k"] [204 k]

= b[3b+2k]+ [2b+ k] [kn + k"] . (201)

(201) and Lemma A2 imply that when p € (p1, po):

dqv bk +20ER + kKRR 4+ 0?
op D ’
Oqa  2bk+2bky +20k" + kky + k k" + 307
ap D
(204 ky+ER) [204+ K] -0 E
B D D’

1
% _ S {20k +2bky +20k" + khy + kE" + 307
— [0k + 20k + kE+0? ] — [b? +kyb]}

bk+bky + kky + b [b+ k] [b+ky]

Lemma Al implies that when p < py:
[a—cny][20+k]—bla—c] la—c][2b+kn+kR] —ba—cy]
qN = E y 4 = E ;a’nd
a—cy][b+Ek]+ [b+Eky+EkB][a—c
P(Q)Za—b[qNJrq]:a—b[ ll ) [E N I ]
_ aE—b[a—cN][bij]ﬁ—?b [b+/<:N+kR][a—c]' (203)
(200) — (203) imply that because g4 = 0 when p = p; (from Lemma Al):
oV(p)  _E b+Ek)b+Eky)] [(a—cny)(2b+k)—b(a—c)
@—]5 = p15—b D E (204)

aE—b(a—cN)(b—i-k)—b(b—i—kN—i-kR)(a—c)]
E

{bk+2ka+kkR+b2}
D

o1



= BB b [b+ k] [b+En][(a—cn) (2b+ k) —bla—c)]

DE
—[aE-b(a—cy)(b+k)—b (b+kn+E") (a—c)]
bk 420k + KET V7] ). (205)
(6) and (201) imply:
Epr = caE+[a—cyn][2b+k][b+ k"] —bla—c][b+k"]. (206)

(201), (205), and (206) imply:

T e {ea B Bl ) (204 R) (0 ) — (=) (0 4

—b[b+E][b+Ekn][(a—cn)(2b+E)—b(a—c)]
— [aE—=bla—cn)(b+k)—b (b+ky+E") (a—c)] [bk+20k" +kE" +b°] }

1 2 R
= ﬁ{(;AE +[E(b+E")—bb+k)(b+ky)][(a—cn)(2b+k)—b (a—c)]

—[aE-b(a—cn)(b+k)—b (b+ky+E") (a—c)] [bk+20k" + kK" +b°]}

[CAEZ—E}. (207)

= [aE—ba—cn)(b+k)=b (b+ky+ k") (a—c)] [bk+2bk" + kE" 417 ]
— [E(b+E") b (b+k)(b+kn)] [(a—cn) (2b+k)—b (a—c)]
= [aE—bla—cn)(b+k)—b (b+ky+E") (a—c)] [bk+ 20" + kE" + b7 ]
+b[b+k][b+Ekn][(a—cn)(2b+k)—b(a—c)]
—E[b+k*][a—cn][2b+Kk]+E [b+k"] b[a—c]
= [aE—bla—cn)(b+k)—b (b+ky+E") (a—c)] [bk+ 20" + k k" + b7 ]
+b[b+k] [b+ky][(a—cn)(2b+k)—b (a—c)]
— E[b+k ] a[2b+k]|+E [b+k"]bla—c]+enE [b+ k"] [2b+k]. (208)
(201) implies:
[0+ K" [2b+K] = [2b+kn+ K] [20+ k] — [b+kyn][20+ k]
= B+ —[b+ky][2b+k] = E—[(b+kn)(2b+k)—b"]. (209)

(201), (208), and (209) imply:
52



= E+cy E?, where
[aE—b(a—cn)(b+k)—b(b+ky+ k%) (a—c)] [bk+2bk" + kK" + b7 ]

= =
Il

+b[b+E][b+Ekn][(a—cn)(2b+E)—Db(a—c)]
— E[b+k*] a[2b+k]+E [b+ k"] b[a—c]

— E[(b+kn)(2b+k)—b"] ey (210)

(207) and (210) imply:

oV (p1) 1 2 - 1 -
ap DE [CA TN DE Loy ea) B
. E _ 2 n
< 0 if ey—cqa > _ﬁ &S Oy = F [CN—CA]—i—E > 0. (211)

(211) reflects the facts that £ > 0 (from (201)) and D > 0 (by assumption).

It remains to demonstrate that ®, is as specified in (193). (201) and (210) imply:

E = ¢, E+1,, where (212)
vy = abk+ 20k +kEP 0] —a[b+E ] [204+ K]+ b [0+ K] [a—c]
— [(b+kn)(2b+ k) —b*] cy, and (213)
Yy = — [bla—cn)0+k)+b(b+ky+k%) (a—c)] [bk+20k" + kK" + b7 ]
+b[b+k][b+Ex][(a—cn)2b+E)—b(a—c)]. (214)

(213) implies:
vy = a[bk+2bk" + kK +0* — (b+E") 20+ k) +b(b+ k)]

—b[b+ k"] e—[(b+kn)(2b+k) =] ey
= a[bk+20k" + kE"+0> =20 — bk —20k" — k k" + 0% + bk ]
—b[b+ kR e~ [(b+ky)(2b+K) —b*] cn
= abk™ —b[b+ k" c—[(b+kn)(2b+ k) —b"] cn. (215)
(214) implies:
Yy = —{b[b+k][a—cn]+b[b+ky+E ] [a—c]}[bhk+20k" + kET + 7]
+ b[b+E][b+kn][20+k][a—cn] =02 [b+E][b+ky][a—c]
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= la—cn]{blb+k][b+ky][2b+k]—b[b+k][bk+2bk" + kE" +0*] }
—la—c]{V[b+k][b+kn]+b[b+ky+E"] [0k+20k" +kE"+ 0] }
= la—cn]|b[b+ k] {[b+kn][20+ k] — [bk+20k" + kK" +07] }
— bla—c]{b[b+k][b+ky]+ [b+ky+E"] [bk+20k" + kK" +07] }. (216)
The coefficient on [a — cx | b[b+ k| in (216) is
20 +bk+2bky +kky —bk —20k% — kK kR — 1
= 0" +2bky+kky —20k" —kE" = b+ [2b+ k] [ky — K" ]. (217)
The coefficient on —b[a — ¢ | in (216) is:
blb+k][b+kn]+[b+kn][bk+2bk" + kET + 7]
+ KR bk + 20k + kKR 4+ 07 ]
= [b+kn] [P +0k+bk+20k" + kE"+ 7] + k" [0k +20k" + Kk k" 4 b7 ]
= [b+kn] [20°+20k+ 20k + kK" + K" [bk + 20k + kK™ + 0? ]
= [b+kn][202+20k] + k7 [(b+kn) 2b+ k) + bk +20k" + k k™ + 7]
= 2b[b+k][b+kn]+ kT [20° +bk+2bky + kky +bk+ 20k + kET + 0% ]
= 2b[b+k|[b+kn]|+E"[307+2bk+2bky +kky +2bk" + kKR ]
= 2b[b+k][b+kn]+E"[36° +2bk+ (kn +E) (204 k)]
= 2b[b+k][b+kn]+EEE.

(218)
The last equality in (218) reflects (201).

(212) and (215) — (218) imply:
E = E{[a—c]bk® =t c—[(b+kn)(2b+k)—b*]cn )
+ {0+ [2b+ k] [kn — k"] }b[b+k][a—cn]
—{2b[b+k][b+ky]+E"E}bla—c]
= — E{bc+[(b+kn)(2b+k)—b]cn}
+b[b+ k] {b°+[20+ k] [ky — k"] } [a—cn]

— 20 [b+k][b+kn][a—c]. (219)
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(201) and (219) imply:

o, = E2[CN—CA]—I—E

— {b[3b+2k]+[2b+ k] [ky + k%] Vo [en —cal
— {b[30+2k] +[20+ k] [ky + k7] }

A+ [(b+ky) (2b+ k) =B ]en}

+ b[b+ k] {0+ [2b+k][kn — k"] }[a—cn] =207 [b+ k] [b+kn][a—c].

Observe that:
[b+kn][20+k]—b" = VP +bk+ky[2b+k] = b[b+k]+[20+k]ky.

(220) and (221) imply:
= {b[3b+2k]+[26+k] [ky + 2] 1 [ex — cal
— {b[3b+2k]+[2b+k] [ky + k7] }
AV e+ [bb+k)+ (2b+k) ky]en }
+ b+ R {0+ [2b+ K] [ky —ER] } [a—cn]
— 20 [b+k][b+kn][a—c]
= {b[3b+2k]+[2b+ k] [kn+ K]}
| {b[3b+2k]+ [2b+ K] [ky +E5] } [en —ca]
— Ve—b[b+kley —[2b+ k] kyen

+b[b+k]{V[a—cy]+[2b+k] [ky — k"] [a—cn]
— 2b[b+ky]la—c]}

= {b[3b+2k]+[2b+ k] [kn + K]}
: [{b[3b+2k]+[2b+k] [y + k"] =b[b+k]—[2b+k]kyn } cn
— 0 c—{b[3b+2k]+ [20+ k] [kn + K] } ca

b[b+ k] [{zﬂ +[20+k] [kn — k"] —2b[b+kn]} a

(220)

(221)

25



—{V+[2b+k][ky—K"] } exn+2b[b+kn]c |- (222)
Observe that:
b[3b+2k]+[20+ k] [k‘N+k‘R} —blb+ k] —[2b+Fk]kyn

= b[3b+2k—b—Fk]+[20+k]k" = [2b+K][b+E"]. (223)
Further observe that:
O+ [20+ k] [kny — k"] —2b[b+ ky]

= P4+ [2b+k—2b]ky — [2b0+ k] K" — 207
= —V+kky—[20+k]E" = — [b®—kky+ (20+ k)K" ]. (224)

(222) — (224) imply:
E?ley —cal+ FE

= {b[3b+2k]+[2b+ k] [ky +£"] }

{ [20+ k] [b+ k"] exy —b°c
—{b[3b+2k]+[2b+k] [y +£"] } cA}
—b[b+ k] { (0> —kky+ (2b+ k) k"] a

+ [0*+ (2b+k) (kN—kR)]cN—2b[b+kN]c}. (225)
The coefficient on ¢y in (225) is:
b[2b+k][3b+2k] [b+ k"] +[20+k])* [b+ k"] [y + k7]

— VP [b+k]—b[b+k][2b+ k] [ky — k7]
= E*{b[20+ k] [3b+2k]+[2b+ kP [b+ER] +b[b+E][2b+ K]}

thn {20+ kP [0+ kR]) —b[b+k][20+ K]}

+ VP [2b+ k] [3b+2k] -V [b+ K]
= k"[20+ k] {b[3b+2k]+ [2b+k] [0+ K" ] +b[b+k]}

+ ky[2b4+ k] {[2b+ k] [0+ k"] —b[b+ K]}

o6



+ V*{[2b+k][3b+2k] —b[b+ K]}
= K"[20+ k) {k"[20+ k] +b[3b+2k+2b+k+b+k]}
+hy[2b+ k] {ER[20+ k] +D[20+ Kk —b— K]}
+ 02 (602 + 70k + 2k —b® — bk
= k"[20+ k] [K"(20+ k) +2b(3b+2k) ]
+ kn[2b+ K] [T (204 k) + b7 ]+ b [50° +6bk + 2K ]. (226)

The coefficient on ¢ in (225) is:
207 [b+ k| [b+kn] =0 {b[3b+2k]+ [2b+ k] [ky + k7] }

= " {2[b+k][b+kyn]—b[3b+2k] —[2b+ k] [kn +E"] }
= U {2[b°+bk+bky+kky] —30"—2bk—2bky —kky — [2b+Kk]E"}
= V{0 +kky—[20+k]E"} = =V [0® —kky+ (2b+k)E"]. (227)

(201) implies that the coefficient on cy4 in (225) is — E%. Therefore, (201) and (225) —
(227) imply:

®y = {K"[20+ k] [K"(2b+k)+2b(3b+2k)]
+ ky[2b+ K] [KF(2b+ k) + 0] + 0 [56° +6bk+ 2K ]} ey
— V[V —kky+ Qb+ k) kR e~ E?cy
—b[b+k][0®—kky+ (2b+k) k"] a
= {k"[20+ K] [K"(2b+ k) +2b(3b+2k)]
+ kn[2b+ K] [KF 20+ k) + 0] + 0[50 +6bk+ 2k ] } ey

—b[V —kky+(2b+ k)K" ] [a(b+k)+bc]

— {b[3b+2k]+[20+ k] [kn + k7] } ca. (228)
It remains to prove that py,,, < P,, which is established by demonstrating that ‘978#;7’) o
pP=Dp2
> 0. Define V5(p) = pqa(-) + P(Q(-)) qn(:) for p € (p1,p2). Because P(Q) = a —bQ:
9" Va(p2) _ 0qa dqn oQ
— = — +P — —bgn — 229
5 Gt 5ot (@) op W G, (229)

where ¢4, qn, and @ are as specified in Lemma A2, evaluated at p = py. Because py = P(Q),
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(229) implies:
9" Va(p2)
Ip

_ _ | Ogqa | Oqn
= QA+p2[ 5 + ap} bgn . (230)

(68) implies:
P2 = [b+E"] Q" +cen +knav —baa

= [b+ k" ga+ [b+ k" qv +en + kv gy — baa
= k%qa+ [b+ky + K" gv + o (231)

(230) and (231) imply:

0~ Va(p2) Q) R R dq4 | Oqn
g 2P by 24 [k bty + k %44 | IN
9 ga—bqy 6p+[ ga+ (b+ky + k") gy + x| o o
g4 | Oqn
= kR kn + k% £ 4 =
CIA+[ qA+(N+ )qN—i-CN]{aﬁ—i-ap}
dqa | Oay oQ
by | A L AN |y 2
! QN{8ﬁ+ 825} ™ op
dqa | Oqn
= kR kn + k7 S
qa+ [k%qa+ (ky +E") gy + en | l 9 + 9 ]
dqa | Ogy  0Q
b 44 AN T
" N[ o b op
9qa | dan dq
_ R R 24 — — . 232
ga+ [k QA+(]€N+I€)QN+CN]{6§+8Z§:| bQN8p>O (232)
The inequality holds here because %’; + ‘951—11; = % > 0 (from (22)) and g—g < 0 (from
(23)). W
Lemma 5. For p € (p1,p2): (i) S(P) is a strictly concave function of p; (ii) 6?9(? z 0 &
D § Ps,nr where Pg,n € (D1, P2 |5 and (i) Pg,nr > Dyym-
Proof. As in (173), define:
~ b
S2(p) = a Qa(p) = 5 Qa(P)* = qa2(p) P — [02(P) + ava(p)] P(Q2(p)) (233)

where qa2(P), gna2(P), q2(P), and Q2(p) are as defined in (20), (21), (23), and (24), respec-
tively. Observe that Sa(p) = S(p) for p € [p1, P2 ].

(233) implies that because P(Q2) = a —bQ2 and Q2 = qas + qn2 + @2
o8



8§2(13) _ a%—bQ @_ __aCIA2
op op 2 op qa2 — P P

. P(Q2) {aQN2 X @] 0Q2

p 22
9 95 + op [QN2+QZ]

0 0 0 0 0
= P(Q2) {&—ﬂ—ﬂ} - p g2 +b8£p2[QN2+QQ]_QAQ

gp  9dp  Ip Ip
9] 9]
= [P(Q2) — P] 5122 +b%[QN2+612]—QA2- (234)

(196) and (234) imply that because P(Q2) = a —bQs:

8252(15) _ [ 0Q) }861142 +68Q2 |:8QN2 8(]2] _aCIA2 < 0. (235)

(p)° ap op L op  9p| op
The inequality in (235) holds because D > 0 by assumption, so 2442 > 0 from (20), %2 > 0

op > Op
from (24), 222 < (0 from (21), and 22 < 0 from (23).
op op

Ps,m = argmax { S, (p) } is unique and is determined by:
P

0Sy(psr) _ 95:(p)

~ 0. 236
% 9 0 (236)

P=DPSyM

This is the case because (2), (20) — (24), and (234) imply that %}gp) is a linear function of
p. Therefore, §2(ﬁ) is a quadratic function of p. Consequently, (235) implies that 52(;5) has

a unique maximum that is determined by (236).

To prove that ps,n > Prym, let:

H(p) = @Qz—gQg—[a—bQﬂ% (237)
OH(p) _ 9Q2 g, 0Qs
= p = [a_bQQ]a_ﬁ_[a_bQQ]a_ﬁ_’_ba—ﬁQQ (238)

where ¢o and @), are defined in (23) and (24). Differentiating (238) provides:

~ 2
CHR) _ _, <3Q2> 4oy 9 0n _ (239)
(9p)

dp Op
fl’hel'inequality in (239) holds because %2 > 0 and %2 < 0, from (23) and (24). (238)
1mplies:

op

_ = 0Q - Iga Q2 _
= D2 5 D2 o +0b o q2(p2) > 0. (240)

OH(px) _ OH(p)

op —  Op

'ﬁ_m

The inequality in (240) holds because 8(% > 0 and %—qg < 0, from (23) and (24). The

concavity of H(p) established in (239), along with (240), imply:
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H(p 0H (pv,m,
0 (_p) > 0 forall p < py = ﬂ > 0. (241)
op dp

The implication in (241) holds because py,., < D2, from Lemma 4.

(195) and (236) imply:

a%(p‘/zm)

aQNZ(') ) 8@2(')
op

= [a—0Qx(")] ap op

an2(+)

+ qas() + Pragm —an’ = 0 (242)
where gas(+), qn2(+), and Qa(-) are defined in (20), (21), and (24), and evaluated at py,,.

(234) implies:

09,(p) 0Q; Oy |, Qs
T [a—bQ2] 9 [a—bQs] 8ﬁ+b 9 Qo
anQ an _aQA2
~la- X2 g — qas — 24
[a—bQs] 5 +0 35 qN2 — Qa2 — P B (243)
where g2, qn2, ¢2, and Q2 are defined in (20), (21), (23), and (24). (243) implies:
08 (Pvym) 00 0, 0Qy
o [a —bQa2(Pvom) | 9 [a —bQa(Pvym) ] 9 +b % q2(Pvam)
_ Jdqn2 0Q _ _ _ Jqa2
— [a—=0Q2(Pvym) ] o5 +0 ap qn2(Pvam) — qa2(Pvam) — Dvam o5
_ _ Q2 _ Iqa Q)2 _
= [a=bQalpin)] 52 = [ DQalpan) ] G+ Z2 (i)
_ Ulpvn) (244)
op

The last equality in (244) reflects (242). The inequality in (244) reflects (241).
(235) implies that S5(p) is a strictly concave function of p. Therefore, Prym < Ps,um

because: (i) 2222M) — () from (236); and (i) 222 5 0 from (244).
op op

0% Sa(p1)
|- -

To prove that pg,ns > pi, it suffices to establish that 8+%}§p ) =

Lemma A1l implies that g4 = 0 when p = p;. Therefore, (173) implies:

0Q  _ 0Oqa

9" 55(p1) pl——P<Q>{aq—N+a—q_}+b[qN+q1

op

90
SRl Ty o " o o

- Q) G- G- | T

q oQ
4 4] =%
op op op  Op } L + 4]

op
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= [PQ) —p]—=+blav+q] 7= > 0. (245)
The inequality in (245) holds because D > 0 by assumption, so 86‘1—1;‘ > 0 from (20), % > 0
from (24), and P(Q) > p; when p € (p1, p2). B
Proposition 6. p* > p; if ®5 > 0. p* = p1 if P2 <0 and d is sufficiently large.

Proof. The first conclusion in the Proposition holds because (172) implies that when if

dy, > 0:
SV e _ 0| S(p) 0
) o op

> 0. (246)

aﬁ a 8p P=p1

The inequality in (246) holds because when®y > 0: (i) TVap) < from (211); and (ii)

ap
225220 > 0 from (245).

The second conclusion in the Proposition holds if V(p;) < V(p) for all p > p; when d
is sufficiently large and ®, < 0. (211) and (220) imply:
oV (p)
op

> 0 when ¢, < 0. (247)
P=p1
V(p) is a strictly convex function of p for p € (p1,p2), from Lemma 4. Therefore, (247)
implies that V' (p) is a strictly increasing function of p for p € [p1, p2 ] under the maintained
conditions. Consequently:

Vi(p) < V(p) forall p € (p1,p2]. (248)
Lemma 2 implies that under the maintained conditions:
Vi(p1) < V(ps)- (249)

(109) implies that V' (p) is a strictly concave function of p for p € (g, p3). Therefore,
(248) and (249) imply:
V(p) > V(py) forall p € (pa,ps]. (250)

The conclusion follows from (248), (250), and Proposition 5. W

Proposition 7. p* € Dy, Ps,nr ). Furthermore: (i) p* < Dg,p when Dg,p < Dy and
d > 0; (i) p* > Dyyy when Py, > Pyi (iii) P° — Pg,a as d — 0; and (iv) p* — Py, as

d — 00.

Proof. To prove that p* < pg,,s, suppose that p* > pg,u. gg(ﬁ) is a strictly concave
function of p, from Lemma 5. Therefore, because p* > pg,nr, (236) implies:

8§2(23*> - a§2 (Dsonr)
op op

- 0. (251)
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172(]5) is a strictly convex function of p, from Lemma 4. Therefore, because pyym, < Ps,nr
from Lemma 5 and because p* > pg,y by assumption, (198) implies:

Va(p) _ MValBsy) _ OVa(bvim)
op op op
(251) and (252) imply that R’s revenue declines and consumer surplus increases as p

declines below p*. Therefore, p* is not the welfare-maximizing value of p. Hence, by contra-
diction, p* < pg, -

= 0. (252)

To prove that p* > Dy, ,,, suppose that p* < py,,,. ‘72(]5 ) is a strictly convex function of
P, from Lemma 4. Therefore, because py,m < Ps,nr from Lemma 5, (198) implies:

a(p)  OVa(Pvym)
— < -
op op
Sy (p) is a strictly concave function of p, from Lemma 5. Therefore, because pyym < Ps,m
from Lemma 5 and because p* < py,,, by assumption, (236) implies:

253(p*) - 08(Pvym) - 02(Ps,ur)
Ip Ip Ip
(253) and (254) imply that R’s revenue declines and consumer surplus increases as p

increases above p*. Therefore, p* is not the welfare-maximizing value of p. Hence, by
contradiction, p* > Py,,,-

= 0. (253)

~ 0. (254)

To prove conclusion (i) in the Proposition, define WQ() = Sy(-) — dVi(+) and observe
that when pg,,, <P, and d > 0:

OWs(p) _ 03(Ps,ur) 4 OVa(Ps,u)
aop | __ Ip ap
P=Psom

The inequality in (255) holds because: (i) Pg,5; > Pyym, from Lemma 5; and (ii) Va(-) is a
strictly convex function of p, from Lemma 4. (255) implies that pg,,, > 7" because W(-) is

a strictly concave function of 7 (because Ss(-) is a strictly concave function of p and Va(+) is
a strictly convex function of p).

To prove conclusion (ii) in the Proposition, observe that when py,,, > p;:

OWs(p) _ 95:(Pyan) _; Va(Prom)
op - op op

ﬁ:pVQm

_ 8§2(1_9v2m) S 352(2_7521\4)
op op

The inequality in (255) holds because: (i) Dg,7s > Dyym, from Lemma 5; and (ii) Sy(+) is a
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strictly concave function of p, from Lemma 5. (256) implies that p* > py,,, because Wg()
is a strictly concave function of p.

Conclusions (iii) and (iv) in the Proposition follow immediately from (172) because p* €
(Py, D) is a non-increasing function of d. This is the case because (172) implies that when

p* € (ﬁ17]§2):

0S(p*) _, V() 0%S(p*) op* AV (p*)

- =0 - —d =0
op op a(p)* od op d(p)* 0od
- oV () -
ad 25(p*) _ g V() op
o(p)? 8(p)
The last conclusion in (257) holds because Lemmas 4 and 5 imply that > ng < 0 and

2
9 ‘(/,()’;) > 0 when p* € (p1,P2).

It remains to prove that 6‘/2;’? ) > 0. To do so, suppose that 8V2(p ) < 0. Then:
P < Dvym - (258)
(258) holds because: (i) Va(p) is a strictly convex function of p, from Lemma 4; and (ii)

w = 0, from (198). Furthermore, because S5(p) is a strictly concave function of p,

from Lemma 5: ~
0S5(p)

o > 0 forallp < Pg,u- (259)

Observe that:
]5* < png < ﬁSzM' (260)

The first inequality in (260) reflects (258). The second inequality in (260) reflects Lemma 5.
(236), (259), and (260) imply:

95 (p*)

—— > 0. 261

. (261)

%g*) > 0 (from (261)), aVQ(p ) < 0 (by assumption), and 5* € (p1, ) (by assumption)

imply that consumer surplus 1ncreases and R’s revenue declines as p increases above p*.

Therefore, p* cannot be the welfare-maximizing value of p. Hence, by contradiction, an—g—)*)

0. Consequently, (257) implies that ap <0. H

Lemma 6. When p € (p1,p2):

qu qu dQ"
() dC > 0, 70 0 = ]{?A = b,
d d
& < 0 if b is sufficiently small, and —Q <0;
dc dc
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., dga dgn dQR dq dQ
— —_— R —— d — < 0:
(1) e, <0, s > 0, s <0, e >0, an e ;

R
(iii) daa_ dav 49

dCN dCN dCN < ’
dg > > dQ < >
HZo@kAzb,andHSO@kAz
Proof. (20), (21), (24), and (2) imply:
dga _b[b+k3} dqgy  b[ka+ k"] nd
de D " ode D ’
d KR [ka+k ka[b+ K
d_CCQ:_ [ka+ N]D"— Alb+ N]_ (262)
(262) implies that because D > 0:
d
daa o dav g aq 9 g (263)
dc dc dc

(262) also implies that because D > 0:

dQRib[k ER] —b[b+ k"] = blka—b] = 0 ka Z b
e - AT ]—[‘F}—[A ] < kA .

AIV
A

(23) implies that because D > 0:

% S [k (ka+ k%) + ka kR +20ks — 0] < 0 if b is sufficiently small,
C

(2), (20), (21), (23), and (24) imply:

2L = = 2 k(k k =
Ton 5 [0 +2b (k4 ky + k%) + & (kv +57) ], Jon 5
blb+2kF klb+ kf
dgy _ b[b+2K"]+k[b+ ]’andﬂ:_[”k][b*k“. (264)
dCA D dCA D
(264) implies that because D > 0:

dqa dgn dq dQ
— 0, — 0, — 0 d — < 0. 265
dCA < ’ dCA ” ’ dCA ~ »an dCA ( )

(264) also implies that because D > 0:

R
= (b4 2kR] k(b4 KF] — 35— 2B [k hy + k*] — k [ + 4]
A
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= =20+ k[b+k"] —2b[k+kn] -k [kn + k"]

= — 20— bk —2bky — kky

< 0.

(2), (20), (21), (23), and (24) imply that because D > 0:

dqa [2b+ k] [b+ k7] dq blka—0b] = <

= = = ka = b
dqn [2b+ K] [ka+ k7]
L 0 d
den D < , an
dQ b+ Fk][ka—0] = -

= = = b. 266
dCN D = 0 & kA = b ( )

(266) implies that because D > 0:
Q" R R] =
o 20+ k] [b+ k"] —[2b+ k] [ka+ k"] = b—ks. W
A

Proposition 8. When p* € (p1,p2): (i) %
a7° < .

den

Proof. (173) implies that consumer surplus is:

> 0; (i) = > 0; (i) 2= > 0; and (iv)

1 _
S = aQ—ﬁbQQ—p[q—i—qN]—qu

1 _
= aQ-3bQ* —plgt+av+aal+[p—Plaa
1 2 f—
= GQ—ibQ —[a=bQ]Q+[p—Dlaa
1, _ 1, _
= 0@ +p-Plaa = 0@ +[a-bQ Pl
b 2 _
= @t la—pla—bQun. (267)
(267) implies that p* is the solution to:
b
Maximize W = §Q2+[a—z_ﬂ]qA—quA— dpgs—daqy +dbQ qy . (268)
p
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(192) and (268) imply that for p € [p1, P2 |:

W _ o [Lrkllb+ kvl o 302+ 2b [k + ky + kR] + k [y + k]
dp D b D
3V +2b [k +ky + k] +k [ky + k7] [b+k][b+ kn]
— D —bqa D

302420 [k+ky+ k] +k [ky + k7]
D

—dga—dDp

R R
_da[_b[b+2k5 ];k[b+k ]

b[b+2k%] +k[b+ k"]
D

+ de[—

+dqu[[b+k;][b+kN]] _ 0

D

o blb+k][b+hv]Q+[a—pl {302 +2b[k+kn+ k%] +k [kn + 5]}
— Dqa—b{30*+2b[k+kn+ k"] +k[kn+E"] }Q—=b[b+k][b+kn]qa
—dDqa—dp{30*+2b[k+ky+ k"] +k [kn + "]}
+da{b[b+2k"] +k[b+k"]}

—db{b[b+2k" |+ k[b+E"]}Q+db[b+k][b+ky]lgy = O

& {b[b+k][b+ky]—b[36°+2b(k+ky+ k") +k (ky + k)]
—db[b(b+2E") +k(b+EY)]}Q
—{D+b[b+k][b+Eky]+dD} ga+db[b+k][b+kn] an
— {30 +2b [k +kn + KT ]+ k [y + k7]
+ d[30°+2b(k+kv+ k") +k (kv +£7)] 1D
+ {30 +2b[k+ky+ k"] + k [kn + k7]
+ d[b(b+2k")+E(b+E")]}a = 0. (269)
The coefficient on @ in (269) is:

bb+k][b+kn]—b[302+2b(k+ky+E") +k (ky+E7)]
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—db[b(b+2K") +k(b+ k)]
= b +bky +bk+kky —30* —2bk —2bky — 20k — kky — k k"

—db(b+2k") —dk (b+K")]

b[—20* —bky —bk —2bk" — kE" —b°d — 2bd k" —bdk — dk k"]

—b[26> +bk+bky + 20k + K k" + b2d

+ 2bdkf 4+ bdk+dkER] < 0.

(270)
(2) implies that the coefficient on — g4 in (269) is:
[14+d]D+b[b+k][b+ky]
= [14+d]{[20+k] [kn (ka+E") + kak™] +bka[30+2k] =" [b+ K]}
+b[b+k][b+kn] > O because D > 0. (271)
(269) — (271) imply that if p* € (p1,p2), p* is determined by:
G—g7p 0, where (272)
+ {307+ 2b [k +kn + K] + & [ky + £
+ d [b(b+2E") +k(b+E")] }a
—b[20* + bk +bky +2bk" + kE" 4+ b*d
+ 2bdkR +bdk+dEER]Q
— {[1+d]D+b[b+k][b+kyn]}qa, and
g = {30 +2b[k+ky+ k] +k [ky+ K]
+ d[3V°+2b(k+ky+EY)+k (kv +E%)]} > 0. (273)
To prove that % > 0, observe from (273) that j—% = 0. Therefore, (272) implies that
for parameter x:
_ — dﬁ* G:L"_]_)gm
_ - . = . 274
[Go = 7" go]de +[Gp = gldp” = 0 = — =G (274)

(2) and (273) imply that because D > 0:

d
G., = db[b+k][b+ ky] 2

67



—b[2b6% + bk +bky + 20k + kK k" + b2d

- 2bdkR+bdk+dkkR]ﬁ
dCA
dqa
—{[1+d]D+b[b+k][b+Eky]} =
dCA
.o dga dqn aQ
— —= —= .
> 01 ch<0’ ch>O’ ch<0

(265) and (275) imply that because D > 0:

G., > 0.

CA
(2) and (273) imply that because D > 0:

Gy — db[b+k][b+kN]Ci?_g
—b[20 + bk +bky + 20k + kK" +b%d
- ZbdkRerkordkkR]fl—C_)
dqa !

—{[14+d]|D+b[b+k][b+ kn] d_p

<0 g
dp

dgn @
— 0 d — 0.
5 < 0 and o5 >

(192) implies that because D > 0:
dqa dgn dq)
— 0, — 0 d — 0.
D > U, ap < U, an ap >
(277) and (278) imply that because D > 0:
Gy < 0.

(273) implies:
9gey, = 0.

(273), (274), (276), (279), and (280) imply that because D > 0:

i G,
dCA n g—Gﬁ

> 0.

To prove that % > 0, observe that (2) and (273) imply that because D > 0:

G. = db[b+E][b+ky] dj—g

—b[26> + bk +bky + 20k + K k™ + bd

(275)

(276)

(277)

(278)

(279)

(280)
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d
- 2bdkR+bdk+dkkR]d—g

d
— {[1+d)D+b[b+k][b+hy] } 52
o dga dqn Q)
>01f%<0,%>0,and%<0. (281)
(263) and (281) imply that because D > 0:
G. > 0. (282)
273) implies:
(273) fmp g = 0. (283)
(273), (274), (279), (282), and (283) imply that because D > 0:
dp*
ro_ G oy
dc g— G5

To prove that % < 0, observe that (195) implies that for p € (p1, p2):

- KAy py N pgy 2 284
o Gmtp G5t (@) o I 5 (284)
0*Va(p 0 0? 0?
_g(p) _ a5 T4 p Fan
0p Ocy dcn 0p Ocy 0p Ocy
0Q Oqn 9*Q dgn 0Q)
dey Op op Ocy dcy Op
0q.4 0Q Jqn dgn 0Q
= —_ b _— b . 2
8CN 8CN 8]5 aCN 8]5 (85)
The last equality in (285) holds because ngg‘N = gggN - 8;?28?1\1 = 0 when p € (p1,P2),

from Lemma A2.
(2) and Lemma A2 imply that when p € (py, po):

0Q Oqv | Oan 0Q
aCN 8]5 aCN 813

= [b4+k][ka—b][b(b+2K%) +k(b+E") ] —[20+ K] [ka+ K] [0+ K] [b+ kn]
= [ka—=0b][b(b+2k") +k(0+ k)] —[20+ k] [ka+E"] [b+ kn]
= ka[b(b+2K") +k(b+EY) ] —b[b(b+2k") +k(b+ k)]

— ka[2b4+ k] [b+ky] — kT [b+Ekx][20+ K]

— ke [b(b+2K) +k (b+ k") — 20+ k) (b+ky)]
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—b[b(b+2K") +k(b+EY)] — k¥ [b+ky][20+k]. (286)
The coefficient on k4 in (286) is:
bbb+ 2K | +k[b+ k"] —[20+ K] [b+ ky]
= PP+ 20k% b0k + kT — 20 —2bky — kb —kky

= 20k kER -0 —2bky —kky . (287)

(286) and (287) imply that because ka < ky:
0Q Jqy 4 dqn 0Q)

60N 6,{5 (%N 8]3
= ka [20k% + kK" =07 —2bky —kkn] —b[b(b+2k") + & (b+ k") ]

— kR [b+ky][2b+ k]
< ka[20k" + kK" b —2bky —kky ] —b[b(b+2k") +k (b+E")]
— kR [b+ka][2b+ K]
= ka [20k" + Kk =0 —2bky — kky — k" (204 k) ]
—b[b(b+2k") +k(b+ k)] — k"0 [20+ k]

ka [0 —20ky —kky ] —b0[b(b+2E") + &k (b+E")] —k"b[2b+ k] < 0. (288)

Because 83—’* > 0 when p € (p1, p2), from Lemma A2, (285) and (288) imply:

Jden
Va(p)  Oqa 9Q dqn | dqy 0Q
= — — . 289
opoex  den | ooy 0p T ew 05 | " (289)
(234) and (284) imply:
0S2(p) 0Q Q) _0qa dqn ~ 0q } 0Q
o 0Q oQ dq . 0Q
_0qa oqy , 0Q
—CIA—pa—ﬁ P(Q>6_p+b8ﬁq]v
20 0Q dq . 0Q  Vi(p)

= q -2 — = _p iy ==
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PS0p) _  PQ ., PQ 00 9Q V()
0p Ocy 0p Ocn 8]580N 8p dcy  OpOcey
0%q 0Q 0Oq 9*Q 0Q 9q

e s 200
dpocn aex 05 opoen LT 0p dex (290)

- P(Q)

2 2 _ _ _
agagN = agagN = 0 when p € (p1,p2). Therefore, because

Lemma A2 implies that
Q = Qf + ¢, (290) implies:
0Q 9q  , 0Q Jq

Op Ocy Op den 0p Ocy Jcy Op op Jcy

_ —b@ Q" 82‘/2(]5)—1—6 0Q dq
N Op Ocy  OpOcy den Op

(285) and (291) imply that because QF = g4 + qn:

PS(p) _ _, 09 9QF [Dga _, 9Q dan _ dav 9Q) ., 9Q 9q
Ip dew 8p den den Op

(291)

ocn dcy  Op dcy Op

p 00 [9Q7 _dan] _Oaa , 0Q [0q  dan
8p dey 80]\; Ocy dcn 8p op
0Q dqa  dqa

= —b— b
Op Ocy 8CN+ dey

0Q | dq  9dqn
{ %" o } . (292)
(2), (292), and Lemma A2 imply:

825’2(15) s

5 Oen —b[b+k][b+Ekn][2b+k][b+ k"] — [2b+k][b+ K" D

+ b[—(b+k)(ka—b)][-bO+kn)—b(b+2k) —k (b+E")]
= —b[b+k][b+ky][2b+k][b+Kk"] — [2b+k][b+ k"] D
+ b[b+E][ka—0b][b(b+Ekyn)+b(b+2E%) +Ek(b+E")]. (293)

(2) and (293) imply:
0%5:(p)

Tooen —b[b+k][b+ky][2b+k][b+ k"]

+b[b+k][ka—0)[b(b+kyn)+b(b+2k") + & (b+E")]
—[2b+ k] [b+ k"]

@b+ k) (kn [ka+ B ] + kak™) +bka (3b+2k) —b° (b+ k) |
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= b[b+k][ka—b][b(b+kn)+b(b+2k) +k(b+E")]
— [2b+ K] [b+ k"]
[+ k) 0+ kn)+ 20+ k) (ky [ka+ k%] + kak™) +0ka (30+2k) —b* (b+ k) |
= b[b+k][ka = 0] [b(b+kn)+b(b+2k%) + & (b+ k)]
—[20+ K] [b+ k"] [b(b+K) by + (2b+ k) (ky [ka+ k"] + kak™) + bka (3b+2k) |
= —b[b+k]b[b(b+kn) +b(b+2E) +k(b+E")]
+b[b+k]ka[b(b+ky)+b(b+2E) +k(b+E")]
—[20+ k] [b+ET] [b(0+ k) kn + (2b+ k) (ky [ka+ k7] + kak™) ]

— ka[2b4+k][b+ k"] b [3b+2k]

= —b[b+E]b[b(b+kn)+b(b+2k%) +k(b+ k") ]
— [20+ k] [b+E"] [b(b+ k) kny + (2b+ k) ky k"]
+ ka {b[b+ k] [b(b+ k) +b(b+2k") +k (b+ k)]

—[2b+k][b+KR][(2b+Kk) (kn +E7) +b(3b+2K)] }. (294)
The coefficient on k4 in (294) is:

blb+k][b(b+ky) +b(b+2E") +k(b+ k)]
—[20+ k] [b+E"] [(2b+k) (ky + k%) +0(3b+2Fk)]
= kn[b(0+k)b—(2b+k) (b+ k") 2b+k)]
+b[b+ k][0 +b(b+2k") + K (b+ET)]
—[2b+ k] [b+E"] [(2b+K) k™ +b(3b+2k)]
= kn[b(b+k)b—(2b+Fk) (b+ k") (2b+ k)]
+ kB [b(b+ k) 20+ k) — (2b+ k) (b+ k") (2b+k)]
+b[b+E][20%+kb] —[2b+ K] [b+E"]b[3b+2k]. (295)
The coefficient on ky in (295) is:
blb+k]b—[2b+k][b+ k"] [2b+K] < O. (296)
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The inequality in (296) holds because b < b+ k%, b+ k <2b+k,and b < 2b+ k.
The coefficient on k% in (295) is:
blb+k][2b+k]—[20+ k] [b+ k"] [2b+k] < 0. (297)

The inequality in (297) holds because b < b+ k% and b+ k < 2b + k.

The last line in (295) is:
blb+k][20°+kb] —[20+ k] [b+ k"] b[3b+2k]
= V[b+k][2b+k]—[2b+k][b+E"]b[3b+2k]
= blb+k]—[b+ k"] [3b+2k] < 0. (298)
The inequality in (298) holds because b < b+ k% and b+ k < 3b+ 2k.

(295) — (298) imply that the coefficient on k4 in (294) is negative. Therefore, (294)

implies: _
9*S5(p)
< 0. 299
6’13 aCN ( )
p* satisfies:
95:(p") . OVa(p)
—d = 0. 300
i o (300)
Totally differentiating (300) with respect to ¢y provides:
0?5 (p") Op* | 9*SH(p") *Va(p*) Op* | PVa(p') ] _
_\2 + _ - d 2 + _ — 0
<8p ) aCN 8p aCN (ap) aCN 8p aCN
. 925(p") _ g 92Va(@") %S (p*) g 02Va(p*)
opr _ _ Opden dpdey . 9pdey dden_ _
dey 50 _ g 82V@) > Wa (5*) '
(9p)° (9p)° (9p)°

The inequality follows from (289) and (299), because 32(‘/5;)(5 ) < 0 (from (172) and Lemmas
4 and 5).

To prove that % > 0, observe that (2) implies:
oD

o - [2b+ k] [kn + k7] +0[3b+2k] > 0. (301)
(20) and (301) imply that for p € (p1,p2):
dqa qa OD
Ya _ 24927 302
dka D ok, (302)
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(29) and (302) imply that for p € (p1,p2):

&ﬂ o ka+ kR dqa 1
Oha b+ kB | Ok, | b+ kR |
 [ka+kB] qa 0D 1 . na 1 0D
- {bJrkR }Bam_[wkﬁ} a4 = [katk ]5%_1' (303)

(2), (301), and (303) imply that quIX > 0 because:

dqn r1 0D
— k EY ] —— D
T >0 & [kat ](%A >

& [20+k] [ky (ka+ k%) + kak™] +bka[30+2k] — 0> [b+ k]
< [ka+E®] [(20+Fk) (kn +E7) +b(3b+2k) ]

& [204+k] [ky (ka+ k%) + kak™] +bka[30+2k] — 0> [b+ k]
< (204 k] [k + k"] [ka+ k") +0[ka+E"] [3042k]

& [20+k] [ky (ka+ k™) + kak™] +bka[3b+2k] — 0 [b+ k]

< [2b+k] [k:N (ka+ k™) + £ ka4 + (k:R)Q} +b[ka+ k"] [3b+2k].  (304)
It is apparent that the inequality in (304) holds.

Because Q(p) is linear in p:

Q) = Qp) + = [p—m1] for pe (pr1,p2). (305)
(24) implies that for p € (p1,Pa):

0Q  [b+k][b+ky]
B 5 . (306)

(301) and (306) imply:

0Q  [b+k][b+ky] 0D
on. = o . <0 (307)

(6) implies that p; does not vary with k4. Lemma A1l implies that )(p;) does not vary
with k4. Therefore, (305) and (307) imply that for p € (p1,p2):

0w _ 09
T = ool < 0. (308

In summary, (302), (304), and (308) imply:
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d
=0, and Y2 < 0 forall pe (). (309)

dqa dan
dk 4 dk 4

Jer < 0,
(20) implies that for p € (p1,p2):
Dqs = [302+2b(k+ky+E") +k (kv +£%) ] [p—ca]
+b[b+ k"] [a—c]—[2b+k] [b+ k"] [a—cn]

which is not a function of k4. Therefore, (273) implies:

0
Gy = db[b+k][b+ky] 2
Ok 4
2 R R 2 R R aQ
— b[20* +bk+bky +20k" + kE 4+ 07 d+2bd k" +bdk+ dkk ]87
A
0
—b[b+k][b+ky] A (310)
0k 4
309) and (310) imply:
(309) and (310) imply Gp, > 0. (311)
(273) implies:
gy = 0. (312)
(273), (274), (279), (311), and (312) imply:
dp* GkA
= > 0. W
dkA g—Gﬁ

Finally, consider the benchmark setting in which the price of output supplied using A’s
input is set (exogenously) at p4 and the price of output supplied without using A’s input is
set (exogenously) at py. In this setting, R chooses g4 and gy to:

C _ k k kR
Maximize pa qa + Pn gy — Ca qa — 7‘4 [QA]2 —CN N — 7N [QN]2 Y [qa +€IN]2-
The necessary conditions for a solution to this problem, [P-E], are:
Pa—ca—kaqga—k"[qa+an] <0 qa[] = 0;
Py —cen —knay —k®[ga+qv] <0 qn[-] = 0. (313)
(313) implies that if g4 = 0 and gx > 0 at the solution to [P-E:
_ DN — CN
- — kR =0 = =
DN —CN N 4N hY hY ki £ R
dqn 1 dgqn
— = —— >0 and — = 0.
aﬁN /{?N + kR aﬁA
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(313) also implies that if gy = 0 and g4 > 0 at the solution to [P-E]:

ba —Ca
—ca—kaga—Fkltqas =0 = =
ba—ca AdA qa qa fa + kR
dqa 1 dqa
= = >0 and —— = 0.
Opa ka+ kR OpN

(313) further implies that if g4 > 0 and gy > 0 at the solution to [P-E]:
Pa—ca—kaqa = k¥ [qga+an] = qalka+ k"] = pa—ca—kTqy

pa—ca—kfqn
ka+ kR ’

v —cen —knay = K% [ga+an] = anv [kv +ET] = py —en — kT qa

Py —on — kftqa

= av = S g (315)
(314) and (315) imply:
_bv—cy K% Tpa—ca—kiqy

N7 TN KR kA KR Rt RR
= q 1— (kR)2 _ ﬁN_CN_ kR[pA—CA]

Y (ka + k) (ky + kR) kv + kB [ka+ kB [ky + kE]
= QN|:(I€A+I€R) (kN+kR)—(]€R)2i| = [ﬁN—CN][k}A—l—kR}—/{;R[ﬁA—CA]

PN — ka+ k"] — K" [pa—

(ka4 kR] [ky + ER] — (kR)?

(314) and (316) imply:

o = ﬁA—CA_ Ef [ﬁN—CN][/{?A—FkR}—kR[ﬁA—CA]
AT kAt kR kgt kR [ka+ kR] [ky + kB] — (k7)?

1
[ka + EB){ [ka+ER] [ky + ER] — (KB)* }

' { [ﬁA—CA]{ [Fa+ k"] [k + K] = (kR)Q}_kR[?N—CN] [+ k"]
b () (1= cal |

76



[5a = ca) [ha+ k"] [k + K] = k® (B — ex] [ + 7]
[ka + EB){ [ka+ ER] [ky + ER] — (k) }

_ [Pa—cal [y + K] — k" [y — en]

> (317)
[ka + kB [kn + EB] — (ER)
(316) and (317) imply:
R
aC{A = by + K 5 > 0, and
OPa  [ka+ k%] [ky + kR] — (k)
0(ga+an) _ kn + kR — kR
Opa [ka+ KR [y + kB ] — (kE)?
— iy > 0. (318)

(kg + kR [ky + ER] — (kR)?

(318) implies that a reduction in p,4 induces R to reduce both ¢4 and g4 + qu-
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